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Abstract In Device-to-Device (D2D) communications of
massive Multiple-Input Multiple-Output (MIMO) system,
the inter-channel interference (ICI) can severely deteriorate
the entire system performance. The beamforming technique
can be used to alleviate this situation. Thus the localization
of the users’ equipment (UE) should be known as a prior.
In wireless communication, due to the effect of multipath,
the model of incident signal should be regarded as distributed sources instead of point sources. In this paper, we
propose a 2-D DOA estimation algorithm for coherently distributed (CD) sources based on conformal array. First, three
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rational invariance relationships are constructed based on
generalized steering vectors (GSVs). Then the propagator
method (PM) is used for estimating three rational invariance matrices. Finally, the 2-D DOA of CD sources can
be obtained from the eigenvalues of three rational invariance matrices. Without spectrum peaking searching, and
estimation and eigendecomposition of sampling covariance
matrix, the proposed algorithm has low computational complexity. For the condition with a large amount of data, the
distributed and parallel PM is proposed to deal with this
problem. Simulation results verify the effectiveness of the
proposed algorithm.
Keywords D2D communication · Conformal array · DOA
estimation · CD sources · Propagator

1 Introduction
In the era of mobile users’ booming data, 4G cellular technologies can hardly meet the customers’ demand. Thus
researchers are seeking for new paradigms to revolutionize the traditional communication method of cellular networks [1]. Device-to-device (D2D) communication is one
of such paradigms that appears to be a promising component in next generation cellular technologies, i.e., 5G. [2].
It enables user equipment (UE) to communicate directly
with nearby other terminals over a D2D link without the
help of cellular base stations (BS) [4]. Thus the energy
efficient communication among different UE is very important to save the battery power of UEs [3]. Since the D2D
link reuses the cellular frequency resource in underlay inband D2D, the inter-channel interference (ICI) can severely
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deteriorate the entire system performance [5]. In order to
enhance transmission performance of D2D communication
in massive MIMO system [6], the beamforming or interference cancellation techniques are used to guarantee the
total system throughout [7]. The BS is equipped with a
large number of antenna in massive MIMO system, such
as uniform rectangular array (URA) and uniform cylindrical array (UCyA). This means that the beamforming
should be implemented in both azimuth and elevation directions, i.e., three-dimensional (3-D) beamforming. The 3-D
beamforming requires the position information of the UE,
which corresponds to 2-D direction-of-arrival (DOA) of the
UE. Conformal antenna (conformal array), which can be
regarded as a more generalized form of URA and UCyA, is
an antenna (an array) conformed to a surface whose shape
is determined by considerations other than electromagnetic.
The antenna installation is more flexible. However, the DOA
estimation of conformal array is difficult because of its complex geometry structure. Thus the 2-D DOA estimation for
3-D beamforming in massive MIMO system via conformal
array is a stubborn problem to solve.
In most applications of array processing, the point source
model is adopted since the assumption that the signals come
from narrow-band far-field is satisfied. In real applications,
the effect of angular spread cannot be ignored because of
the scattering, reflection, diffraction and refraction during
the signal propagation. Thus the model of parameterized
distributed source would be a good choice. The DOA estimation algorithm of point source is not suitable for CD
source, or the performance would be degraded significantly.
The distributed source model can be categorized into coherently distributed (CD) sources and incoherently distributed
(ID) sources [8], which are corresponding to slowly timevarying channels and rapidly time-varying channels, respectively. For 1-D DOA estimation of CD source in massive
MIMO system, the multiple signal classification (MUSIC)
like approach has been proposed under the coexistence of
circular and non-circular signals. For 2-D DOA estimation of ID source in massive MIMO system, the estimation
parameter via rational invariance technique (ESPRIT) like
approach has been proposed for URA [9] and UCyA [10],
respectively. In addition, there are few reports about DOA
estimation of CD sources based on conformal array as
well. Thus in this paper, we aim to address the 2-D DOA
estimation of CD source in massive MIMO system via
conformal array.
Many DOA estimation algorithms [11] for CD sources
have already been proposed [8, 12, 13]. These algorithms
can be applied in wireless sensors network (WSN) with
optimized rout [14]. However, the algorithms mentioned
above can only deal with 1-D nominal DOA and angular
extension estimation for CD sources, i.e., the array and the
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incident signals are in the same plane. In lots of real applications, it is more significant and valuable to estimate the
2-D DOA of CD sources. Traditional optimal estimators for
2-D DOA of CD sources need multidimensional parameter
searching, which leads to high computational complexity.
In order to reduce the computational cost, many algorithms
have been proposed to deal with this problem. In [15],
a sequential one-dimensional searching (SOS) algorithm
has been proposed. A preliminary estimation result has
been obtained via total least square-estimation parameter
via rational invariance technique (TLS-ESPRIT) algorithm.
Then two angular parameters can be estimated by sequential 1-D searching with reduced computational complexity.
In [16], the quadric rotational invariance property (QRIP)
has been presented for 2-D DOA estimation of CD sources
based on two parallel ULAs. Without spectrum peaking
searching, the decoupled of azimuth and elevation DOA has
been achieved. In [17], based on three parallel ULAs, a
modified propagator method has been used to estimate three
rotational invariance matrices. The nominal angular parameters of CD sources contained in three rotational invariance
matrices can be obtained without spectrum peaking searching. In [18], based on one-order Taylor approximation to
the generalized steering vectors (GSVs), two rotational
invariance matrices have been constructed. The ESPRIT
has been used for nominal 2-D DOA estimation of CD
sources with low computational complexity. In [19], the
3D matrix pencil method has been used for 2-D DOA estimation of CD sources. The algorithms in [15–19] all have
low computational complexity. However, they are just suitable for planar array and cannot be applied to conformal
array directly.
The conformal array has been studied in electromagnetics field [20], such as array design [21] and beamforming [22]. For DOA estimation of conformal array, several
algorithms have already proposed as well. In [23], based
on three rotational invariance matrices and parallel factor
(PARAFAC) analysis theory, high accuracy frequency and
DOA estimation for conformal array has been achieved.
In [24], eight conformal antennas have been well designed
first. In order to achieve high accuracy DOA estimation for
non-circular sources, the 2-D non-circular multiple signal
classification (NC-MUSIC) algorithm has been adopted. In
[25], based on spctial mutual coupling matrix design and
PARAFAC, the 2-D DOA and mutual coupling coefficients
estimation have been achieved. In [26], the 2D DOA estimates are decoupled from polarization. The fourth-order
cumulants of the array outputs and ESPRIT have been
used for DOA estimation of conformal array. In [27], three
rational invariance relationships have been constructed for
cylindrical conformal array, then the propagator method has
been used for DOA estimation.
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In order to solve the DOA estimation of CD sources
for conformal array, we propose a new algorithm to
solve this problem. Based on the relationship among three
generalized steering vectors (GSVs), we construct three
rotational invariance matrices. The information of nominal azimuth and elevation is contained in the complex
angle of the eigenvalues of three matrices mentioned
above. Then a modified propagator method (PM) is proposed to estimate the DOA of CD sources. Compared
with the MUSIC-based and ESPRIT-based algorithms, the
spectrum peaking searching and eigenvalue decomposition of sampling covariance matrix are not needed, which
means that the proposed algorithm has low computational
complexity.
Notation In this paper, the operator (·)# , (·)∗ , (·)T , (·)H
and E {·} are matrix pseudo-inverse, conjugate, transpose,
conjugate transpose and expectation, respectively. The boldface uppercase letters and boldface lowercase letters denote
matrices and column vectors, respectively. The symbol
diag{z1 , z2 } stands for a diagonal matrix whose diagonal
entries are z1 and z2 , respectively. angle(·) is the phase
operator of complex numbers, in radian.
The rest of paper is organized as follows. Section 2
gives the snapshot data model of conformal array for
CD sources. Section 3 presents the modified propagator
method for DOA estimation. The distributed and parallel
scheme for DOA estimation with a large amount of data
is constructed in Section 4. The computational complexity analysis is discussed in Section 5. Numerical results
are given in Section 6, and the conclusions are drawn in
Section 7.
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2.1 Design of sub-arrays
The array structure used in this paper is shown in Fig. 1a.
The elements numbered from 1 to m construct sub-array 1;
the elements numbered from 2 to m + 1 construct sub-array
2; the elements numbered from m + 3 to 2m + 2 construct
sub-array 3; the elements numbered from 2m + 4 to 3m + 3
construct sub-array 4. As shown in Fig. 2, the first sub-array
pairing consists of sub-array 1 and sub-array 2, the distance
vector
 between them is ΔP1 , which satisfies d1 = |ΔP1 | =
λ 4 ; the second sub-array paring consists of sub-array 1
and sub-array 3, the distance vectorbetween them is ΔP2 ,
which satisfies d2 = |ΔP2 | = λ 4 ; the third sub-array
paring consists of sub-array 1 and sub-array 4, the distance
vector
 between them is ΔP3 , which satisfies d3 = |ΔP3 | =
λ 4.
2.2 Snapshot data model
Assume D narrow far-field CD sources impinge on the
conformal array as shown in Fig. 1a. The signals are

(a)

2 Snapshot data model
When the elements are sheltered by the carrier, some
elements cannot receive signals or the amplitude of the
received signals is too weak. The SDT proposed in [12]
is adopted in this paper, and we use three arrays to cover
the whole space. The cylindrical conformal array has the
characteristic of single curvature and symmetry, thus the
structures of three arrays are identical. The methods of estimating DOA of the incident signals are identical as well. We
just design and verify the algorithm for array 1. The DOA
estimation of the whole space is based on the integration of
the three arrays. As 
shown in Fig. 1a, the element-spacing in
the same plane is λ 4 ; the distance between two neighboring planes is λ 4 ; the radius of the cylinder is 5λ, where λ
is the wavelength of the incident signal. The direction vector
of the incident signal u is shown in Fig. 1b.

(b)

Fig. 1 The RMSE versus snapshot number
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where si (t) is the ith transmitted signal, ρi θ, ϕ; μi is a
deterministic angular distribution function
of the ith trans
mitted signal, μi = θi , σθi , ϕi , σϕi , which corresponding
to nominal azimuth DOA, azimuth angular extension, nominal elevation DOA and elevation angular extension, respectively, is the distributed parameter of the ith transmitted
signal. N1 (t), N2 (t), N3 (t) and N4 (t) are the M × 1 noise
vector.
The steering vector of sub-array 1 can be expressed as

(a)




p ·u
p ·u
, . . . , hm exp −j 2π m
a (θ,ϕ) = h1 exp −j 2π 1
λ
λ

T

,
(5)

where the response of the ith element is

1/2 
1/2


2
2
kθ2 + kϕ2
+ giϕ
cos θigk
hi = giθ


= |gi | |ql | cos θigk

(b)

= gi · ql = giθ kθ + giϕ kϕ .

Fig. 2 The schematic diagram of distance vector among different subarrays

uncorrelated with each other, and the signals are uncorrelated with the additive Gaussian white noise (AGWN),
which exists in each element.
For 2-D distributed sources, the received data X1 (t),
X2 (t), X3 (t) and X4 (t) corresponding to sub-array 1, subarray 2, sub-array 3 and sub-array 4 can be respectively
expressed as
X1 (t) =

D  




a (θ, ϕ) si (t) ρi θ, ϕ; μi dθ dϕ

i=1

X2 (t) =

+N1 (t) ,
D  


(1)
a (θ, ϕ) exp (−j ω1i ) si (t)

(8)

  
ω3i = 2π λi d3 ΔP3 · ui

 




= 2π d3 λi [sin θΔP3 cos ϕΔP3 sin (θi )




× cos (ϕi ) + sin θΔP3 sin ϕΔP3 sin (θi )


× sin (ϕi ) + cos θΔP3 cos (θi )],

(9)

(4)

The elevation and azimuth of ΔP2 are respectively
expressed as


(11)
θΔP2 = π 2 , ϕΔP2 = π 3 .

i=1



×ρi θ, ϕ; μi dθ dϕ + N4 (t) ,

  
ω2i = 2π λi d2 ΔP2 · ui

 




= 2π d2 λi [sin θΔP2 cos ϕΔP2 sin (θi )




× cos (ϕi ) + sin θΔP2 sin ϕΔP2 sin (θi )


× sin (ϕi ) + cos θΔP2 cos (θi )],

(3)

(2)

i=1



×ρi θ, ϕ; μi dθ dϕ + N3 (t) ,
D  

a (θ, ϕ) exp (−j ω3i ) si (t)
X4 (t) =

In (5), pi is the position vector of the ith element. kθ and
kϕ are two polarization parameters, gi is the pattern vector
of the ith element, ql is the electric field vector of the incident signal, the angle between the pattern vector and electric
field vector is θigk . The frequency ω1i , ω2i and ω3i can be
respectively expressed as
  
ω1i = 2π λi d1 ΔP1 · ui

 




= 2π d1 λi [sin θΔP1 cos ϕΔP1 sin (θi )




× cos (ϕi ) + sin θΔP1 sin ϕΔP1 sin (θi )


× sin (ϕi ) + cos θΔP1 cos (θi )],
(7)

where θΔPi and ϕΔPi are the elevation and azimuth of the
distance vectors ΔPi , i = 1, 2, 3 in the global coordinate
system. The distance vector ΔP1 is parallel to Z-axis, thus
the elevation and azimuth of ΔP1 are respectively expressed
as

θΔP1 = 0, ϕΔP1 = π 2 .
(10)

i=1



×ρi θ, ϕ; μi dθ dϕ + N2 (t) ,
D  

a (θ, ϕ) exp (−j ω2i ) si (t)
X3 (t) =

(6)
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The elevation and azimuth of ΔP3 are respectively
expressed as


(12)
θΔP3 = π 2 , ϕΔP1 = 2π 3
The generalized steering vectors (GSVs) of X1 (t), X2 (t),
X3 (t) and X4 (t) can be respectively expressed as
 
 


b1 μi =
a (θ, ϕ) ρi θ, ϕ; μi dθ dϕ,
(13)




 

b2 μi =

a (θ, ϕ) exp (−j ω1i )


×ρi θ, ϕ; μi dθ dϕ,
(14)
 
 
b3 μi =
a (θ, ϕ) exp (−j ω2i )


×ρi θ, ϕ; μi dθ dϕ,
(15)


For d1 λ = 1 4 and a small augular extension, there is
an approximate
rotational
invariance relationship between

 
b1 μi and b2 μi as follows (the proof is given in
Appendix.)
 
 
(16)
b2 μi ≈ b1 μi exp (−j l cos θi ) ,

where l = 2π d1 λ . The matrix form can be written as
B2 ≈ B1 1 ,

(17)

where
B1 = b1 (μ1 ) , b1 (μ2 ) , . . . , b1 (μD ) ,

(18)

B2 = b2 (μ2 ) , b1 (μ2 ) , . . . , b2 (μD ) ,

(19)

1 = diag exp (−j l cos θ1 ) , . . . , exp (−j l cos θD ) . (20)


For d1 λ = 1 4 and a small augular extension, the similar relationships hold as follows (the proof is given in
Appendix.)
  H3
 
exp (−j ω2i ) b1 μi ,
(21)
b3 μi ≈
H1




 
H4
exp (−j ω3i ) b1 μi .
b4 μi ≈
H1
The matrix form can be respectively written as

(22)

B3 ≈ B1 2 ,

(23)

H3
H3
exp (−j ω31 ) , . . . ,
exp (−j ω3D )
H1
H1

(28)
By collecting N snapshot number, thus the received data
matrices X1 , X2 , X3 and X4 can be respectively rewritten as
X1 = B1 S + N1 ,

(29)

X2 = B1 1 S + N2 ,

(30)

X3 = B1 2 S + N3 ,

(31)

X4 = B1 3 S + N4 .
(32)
The total received data vector of the sub-arrays can be
constructed as
X = XT1 XT2 XT3 XT4

T

(33)

.

3 2-D DOA estimation via PM
The manifold matrix B1 is full column rank, thus D rows of
B1 are linear independent. Other rows can be linearly represented by these D rows. B1 can be partitioned into two
blocks
B1 = CT1 CT2

T

(34)

,

where C1 is a D × D matrix; C2 is a (m − D) × D matrix.
A propagator can be defined as the unique linear operator
P from (m − D)-dimensional complex space Cm−D to Ddimensional complex space CD . The relationship between
C1 and C2 is expressed as
PH C1 = C2 .

(35)

Construct a new matrix C as follows


 
 

C = BT1 BT1  1 T BT1  2 T BT1  3 T

T

.

(36)

C can be partitioned into two blocks
C = CT1 DT1

T

(37)

,

where
D1 = CT2 (C1
(C2

B4 ≈ B1 3 ,

(24)

where
B3 = b3 (μ1 ) , b3 (μ2 ) , . . . , b3 (μD ) ,

(25)

B4 = b4 (μ1 ) , b4 (μ2 ) , . . . , b4 (μD ) ,

(26)


2 = diag



3 = diag

H2
H2
exp (−j ω21 ) , . . . ,
exp (−j ω2D )
H1
H1

(27)

1)
T
2)

T

(C2

(C1

1)
T
3)

T

(C1

(C2

2)
T
3)

T
T

(38)

According to Eq. 36, the matrix C1 and D1 satisfies
H
D1 =V C1 , where V̄ is a D × (4m − D) matrix. Partition
(34) into two block matrices, we have
X = XT1 XT2

T

,

(39)

where X1 is a D × N matrix; X2 is a (4m − D) × N matrix.
The relationship between X1 and X2 is expressed as
H

X2 =V X1 .

(40)
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In practical application, the left side of Eq. 41 does not
really equal to the right side of Eq. 41. Thus a least square
solution is given by

−1
V = X1 XH
X1 XH
(41)
1
2 .
We divide V into seven block matrices V1 − V7 , which
correspond to the dimensions of seven matrices of D1 .
According to Eq. 39, we have
#

V1 V3 C1 = C1  1 ,
#

(43)

#

V1 V7 C1 = C1  3 .

(44)
#
V1 V3 ,

#
V1 V5

and
The eigendecompostion of the matrices
yields their eigenvalues λ1i , λ2i and λ3i and the
corresponding eigenvector u1i , u2i and u3i , respectively,
i = 1, 2, · · · , M. Arrange their eigenvalues in descending sequence we have λ11 ≥ · · · ≥ λ1D , λ21 ≥ · · · ≥
λ2D and λ31 ≥ · · · ≥ λ3D , respectively. Three diago˜ 1 = diag {λ11 , · · · , λ1D },
nal matrices are constructed as 
˜ 3 = diag {λ31 , · · · , λ3D }
˜
 2 = diag {λ21 , · · · , λ2D } and 
whose elements include the nominal DOAs of CD sources
corresponding to  1 ,  2 and  3 , respectively. Thus the
nominal elevation and azimuth DOAs of CD sources can be
achieved.
#
#
However, the eigendecompostions of V1 V3 , V1 V5 and
#
V1 V7 are individually taken. When D ≥ 2, this may
result in the problem of the mismatching of the eigenvalues, i.e, the nominal elevation DOAs and the nominal
azimuth DOAs cannot be paired effectively. To deal with
this problem, we have the following method. First, the
#
eigendecomposion of the matrix V1 V3 , is taken, and the
eigenvalues λ1i and the corresponding eigenvectors u1i are
#
obtained. According to Eqs. 44 and 45, we know that V1 V5
#
#
and V1 V7 have the same eigenvectors as V1 V3 , thus u1i are
#
#
the eigenvectors of V1 V5 and V1 V7 . According to the definition of the eigenvectors and eigenvalues of the matrix, we
have
#
V1 V5

· u1i = λ2i · u1i ,

(45)

V1 V7 · u1i = λ3i · u1i ,

(46)

#

where
u1i = [ηi1 , · · · , ηiD ]T ,
#

V1 V5 · u1i = [pi1 , · · · , piD ]T ,
#

V1 V7 · u1i = [qi1 , · · · , qiD ]T .

λ2i =

(47)
(48)
(49)

D
1  pij
, (i = 1, 2, · · · , D) ,
D
uij

(50)

D
1  qij
, (i = 1, 2, · · · , D) .
D
uij

(51)

j =1

λ3i =

(42)

V1 V5 C1 = C1  2 ,

#
V1 V7

Based on Eq. 46–50, u2i and u3i can be respectively rewritten as

j =1

Since H1 , H2 and H3 are real numbers, the phase ambiguity
caused by the positive and negative inconsistency of H1 , H2
and H3 can be eliminated by squaring λ2i and λ3i . Then
Eqs. 7, 8 and 9 can be expressed as
ω1i = −angle (λ1i ) ,

(52)


2 
1
H3
exp (−j ω2i )
ω2i = − angle
2
H1


1
1
= − angle exp (−j ω2i )2 = − angle (λ2i )2 , (53)
2
2

1
ω3i = − angle (λ3i )2 .
2

(54)





Assume
=
sin θΔPi cos ϕΔPi , Δpi2
=

 Δpi1

sin θΔPi sin ϕΔPi and Δpi3 = cos θΔPi , (i = 1, 2, 3).
We can write Eqs. 53–55 in matrix form as
⎡
λ ⎢
⎢
−
2π ⎣

angle(λ1i )
d 1

angle (λ2i )2
2d

2
angle (λ3i )2
2d3

⎤

⎡
⎤⎡
⎤
Δp11 Δp12 Δp13
γ1i
⎥
⎥ = ⎣ Δp21 Δp22 Δp23 ⎦ ⎣ γ2i ⎦ .
⎦
Δp31 Δp32 Δp33
γ3i
(55)

Then the solution of Eq. 56 is given by
⎡
⎤
⎤−1
⎡
γ1i
Δp11 Δp12 Δp13
⎢
⎣ γ2i ⎦ = − λ ⎣ Δp21 Δp22 Δp23 ⎦ ⎢
⎣
2π
γ3i
Δp31 Δp32 Δp33
⎡

angle(λ1i )
d 1

angle (λ2i )2
2d

2
angle (λ3i )2
2d3

⎤
⎥
⎥.
⎦

(56)
The information about the nominal elevation and azimuth
DOAs of CD sources is contained in γ1i , γ2i and γ3i . The
DOAs of CD sources can be obtained after simple trigonometric function operator. Then we can summarize the
proposed generalized steering vectors-propagator method
(GSVPM) in Algorithm 1.

1004

Algorithm 1 GSVPM
1: Construct the total received data vector of the sub-

arrays X according to (34);
Estimate propagator V according to (42);
Partition V into seven sub-matrices according to (39);
Estimate 1 , 2 and 3 according to (43)–(45);
Complete the parameter pairing according to (46) and
(47);
6: Estimate the nominal azimuth and elevation DOAs of
CD sources from the corresponding eigenvalues (51)
and (52) by calculating (57).
2:
3:
4:
5:

By exploiting the rotational invariance property of the arrays
structure, the proposed algorithm can be applied to other
arrays with different configuration such conical arrays and
sphere arrays. In general, two different rotational invariance
matrices are constructed, and then the azimuth and elevation
estimation can be achieved by the proposed algorithms with
little modification.

4 Distributed and parallel processing
In real application such as passive bistatic radar systems,
the common observed time is 1s [28]. Assume the sampling
frequency of analog to digital converter (ADC) is 400 MHz.
The number of sampling points in each channel is 400 ×
106 . For array 1, the number of elements is 3m + 1 = 28
with m = 9. The total number of elements of the whole
array is 3 × 28 = 84. The sampling points of the whole
received data is 3.36×1010 , which means the amount of data
is tremendous. In order to improve the computing speed,
we divide the sampling points of 28 elements into several
fractions as shown in Fig. 3.
For array 1, L fractions can be processed in parallel
based on the proposed algorithm with the help of multicore processor (MCP). Since the importance of L fractions
is identical, the weights of L fractions equal to each other.
Thus we just need to average the parameter values (the nominal azimuth and elevation DOAs of CD sources) when L
computing results return.

Fig. 3 The fractional division of the received data of array 1
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Since we use three arrays to cover the whole space, each
array is equipped with one MCP. Three arrays work in a distributed way. The estimation results of three arrays would
return to the data processing center (DPC) as shown in
Fig. 4. The signal may come from any directions of the
whole space. If the signal strength that one array receives
is much larger than other two arrays. The estimation result
with high signal strength would be regarded as the real
DOAs of the incident CD sources.

5 Computational complexity analysis
In previous Section, we discuss the computing way for DOA
estimation of CD sources with big data. The distributed
and parallel method are adopted to deal with this problem. However, if the computational complexity of algorithm
is high, this would result in large energy consumption. In
this Section, we will compare the computational complexity of the proposed algorithm with SOS [15], QRIP [16]
and ESPRIT-based [26] algorithms. For the sake of simplicity, we only focus on the computational complexity of
the complex multiplication. The 1-D searching is needed
for SOS algorithm, the computational complexity of SOS
focuses on the construction of the 2m×2m sampling covariance
This would cost
 andits eigendecomposition.



 matrix
O 4m2 N + O 8m3 + O 2m6 , where m is the number
of elements in the same generatrix, and N is the snapshot
number. For the QRIP algorithm, the computational complexity focuses on the construction of the m × m and the
2m × 2m sampling covariance matrix
and
 their
 eigende

composition. This would cost O 5m2 N + O 9m3 . For
the ESPRIT-based algorithm, the computational complexity
focus on the eigendecomposition of three
sampling



 2m×2m
covariance matrix, this would cost O 12m2 N +O 24m3 .
The computational complexity of the proposed algorithm
focuses on estimating propagator and eigendecomposition
of three D × D matrices, where D is the source number.

Fig. 4 The distributed computing based on three MPCs
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This would cost O 4D 3 + O 3ND 2 + O (4mDN ). Generally, N  m > D, thus the computational complexity of
the proposed algorithm is the lowest of all the algorithms
mentioned above.

In order to verify the effectiveness of the proposed algorithm, i.e., GSVPM, the estimation performance of the proposed algorithm is compared with SOS [15] and ESPRITbased [26] algorithms. Each simulated point is obtained as
an average of 400 independent Monte Carlo simulation trials. The array geometry is depicted in Fig. 1a. The number
of the elements in array 1 is 25, i.e., the number of elements
in the same generatrix is m = 8. The polarization parameter are k1θ = 0.5, k1ϕ = 0.5, k2θ = 0.3, k2ϕ = 0.7.
θj

2

80



2
+ ϕ̂it − ϕ ,

(57)

t=1

where θ̂it and ϕ̂it respectively stand for the estimation values
of azimuth and elevation of the ith signal in the tth trials;
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Fig. 5 The RMSE versus SNR
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θ and ϕ stand for the real values of azimuth and elevation,
respectively.
In the first example, the Gaussian shaped CD sources
with parameter vector μ1 = (100◦ , 3◦ , 60◦ , 4◦ ) and μ2 =
(95◦ , 2◦ , 50◦ , 2◦ ) are adopted. The RMSE and successful
probability of different algorithms versus SNR are depicted
in Figs. 5 and 6, respectively. The snapshot number is
fixed at 400. It can be seen from Fig. 5 that the RMSE of
GSVPM is smaller than that of ESPRIT-based algorithm.
The GSVPM would approach the SOS algorithm with SNR
increases. This mainly caused by that the GSVPM adopts
three sub-array pairings to estimate DOAs of CD sources.
However, the ESPRIT adopts two sub-array pairings. The
data used by GSVPM is larger than that of ESPRIT algorithm. The SOS adopts spectrum peaking searching to
guarantee the high estimation accuracy.
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Fig. 6 The successful probability versus SNR
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− ϕj

,
The expression of elements pattern are giθ = sin

giϕ = cos θj − ϕj , where θj and ϕj are the azimuth and
elevation of the j th signal corresponding to ith element in
local coordinate system. For SOS and ESPRIT-based algorithms, the elements 1 ∼ m and 2 ∼ m + 1 construct the
first sub-array pairing; the elements m + 3 ∼ 2m + 2 and
2m + 4 ∼ 3m + 3 construct the second sub-array pairing. A
successful trial is defined as the trial whose estimation bias
is less than 1◦ . The successful probability is defined as the
ratio between the number of successful trials and total trials.
The root-mean-square-error (RMSE) is defined as


M 
1 
RMSE = 
θ̂it − θ
M
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6 Simulation results
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Fig. 7 The RMSE versus SNR
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array. Based on GSVs, the proposed algorithm construct
three rational invariance relationships. Then the PM is used
for DOA estimation. Without spectrum peaking searching,
and estimation and eigendecomposition of sampling covariance matrix, the proposed algorithm has low computational
complexity. Since the amount of data is tremendous, the
distributed and parallel scheme has been proposed to accelerate the computing of the proposed algorithm. Thus the
estimation accuracy of CD sources can be guaranteed in
a related short time. In the future, we will focus on 2D DOA estimation for ID sources with low computational
complexity.
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Fig. 8 The successful probability versus SNR

It can be seen from Fig. 6 that the successful probability
of GSVPM and ESPRIT are similar at low SNR. However, the successful probability of GSVPM is higher than
that of ESPRIT algorithm at high SNR. When SNR reaches
2dB, the successful probability of GSVPM and SOS both
approach 100 %. However, the successful probability of
ESPRIT algorithm is lower than that of the algorithm mentioned above. More data has been used in GSVPM, thus it
has high successful probability.
In the second example, the RMSE and successful probability of different algorithms versus snapshot number are
depicted in Figs. 7 and 8, respectively. The signal source
parameters are identical with the first example. The SNR
is fixed at 0dB. It can be seen from Fig. 7 that the RMSE
of different algorithms decreases with snapshot number
increases. The RMSE of GSVPM is smaller than that of
ESPRIT algorithm. The GSVPM would approach the SOS
algorithm with snapshot number increases. Our algorithm
present accurate estimation even for a small snapshot number, since more data has been used.
It can be seen from Fig. 8 that the successful probability
of SOS would reach 100 % when snapshot number reaches
400. However, the GSVPM needs 700 snapshot number.
The successful probability of GSVPM is higher than that
of ESPRIT algorithm at small snapshot number. The reason
is that the GSVPM adopts more data than that of ESPRIT
algorithm.

7 Conclusion
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Appendix: The derivation of Eq. 18
Assume that the coordinate of each element is (xk , yk , zk ),
k = 1, 2, · · · , m. The unit vectors of X-axis, Y-axis and
→
→
→
e y and −
e z , respectively. The
Z-axis are given by −
e x, −
position vector pk of kth element is expressed as
→
→
→
p =x −
e +y −
e +z −
e ,
(58)
k

k

x

k

y

k

z

For sub-array 1 and sub-array 2, the elements are arranged
on the same generatrix, the X-axis and Y-axis coordinates
of the elements in the same generatrix have the relationship
x11 = · · · = x1(m+1) = x1 and y11 = · · · = y1(m+1) =
y1 , respectively. The patterns of the elements in the same
generatrix are identical as well, i.e., h11 =
 · ·· = h1(m+1) .
The kth element of the steering vector b1 μi of sub-array
1 can be expressed as
 

 

a1k (θ, ϕ) ρ θ, ϕ; μi dθ dϕ
b1 μi k =
 
= H1



exp [−j l (k − 1) cos θ ] ρ θ, ϕ; μi dθ dϕ,
(59)

where the kth element of the steering vector of sub-array 1
is a1k (θ, ϕ) = H1 exp [−j l (k − 1) cos θ ] with


x1 sin θ cos ϕ + y1 sin θ sin ϕ
. (60)
H1 = h1 exp −j 2π
λ
The azimuth and elevation DOAs can be expressed as

In this paper, in order to enhance the transmission performance of D2D communication in massive MIMO system, a low computational complexity 2-D DOA estimation
algorithm of CD sources is proposed based on conformal

θ = θi + θ̃,

(61)

ϕ = ϕi + ϕ̃,

(62)
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where θi and ϕi are nominal elevation and azimuth of ith
CD source, and they are the means of θ and ϕ, respectively;
θ̃ and ϕ̃ are the corresponding random angular deviations.
With the first order Taylor series approximation to a1k (θ, ϕ)
around (θ, ϕ) = (θi , ϕi ), we can obtain
a1k (θ, ϕ) = H1 exp [−j l (k − 1) cos θ ]


= H1 exp −j l (k − 1) cos θi + θ̃


= H1 exp −j l (k − 1) cos θi cos θ̃ − sin θi sin θ̃


≈ H1 exp −j l (k − 1) cos θi − θ̃ sin θi ,

(63)

where cos θ̃ ≈ 1 and sin θ̃ ≈ θ̃ are used in the first inequality for a small angular extension. Then Eq. 59 can be written
as
 

 

a1k (θ, ϕ) ρ θ, ϕ; μi dθ dϕ
b1 μ i k =
 
≈ H1 exp [−j l (k − 1) cos θi ] h μi k ,
where
 
h μi

The derivation of Eqs. 24 and 25
For sub-array 3, the X-axis and Y-axis coordinates of
the elements in the same generatrix have the relationship
x3(m+3) = x3(m+4) · · · = x3(2m+2) = x3 and y3(m+3) =
y3(m+4) · · · = y3(2m+2) = y3 , respectively. The patterns
of the elements in the same generatrix are identical as
well, i.e., h3(m+3) = h3(m+4) · ·· = h3(2m+2) . The kth element of the steering vector b3 μi of sub-array 3 can be
expressed as
 
b3 μi

(64)

 
k

=


exp j l (k − 1) θ̃ sin θ

×ρi θi + θ̃, ϕi + ϕ̃; μi d θ̃d ϕ̃,

k



a3k (θ, ϕ) ρ θ, ϕ; μi dθ dϕ
 
exp [−j l (k − 1) cos θ ]
= H3


× exp (−j ω2 ) ρ θ, ϕ; μi dθ dϕ
 
exp [−j l (k − 1) cos θ ]
= H3
 

√
1
3
× exp −j l
sin θ cos ϕ +
sin θ sin ϕ
2
2


×ρ θ, ϕ; μi dθ dϕ,
(69)

(65)

 
The kth element of the steering vector b2 μi of sub-array
2 can be expressed as
 
 
a2k (θ, ϕ) exp (−j lcosθ )
b2 μ i k =

×ρi θi + θ̃, ϕi + ϕ̃; μi d θ̃d ϕ̃

where
√
3
2

exp (−j ω2i )

=

exp[−j l( 12 sin θ cos ϕ +

sin θ sin ϕ)] according to Eqs. 8 and 11; the kth
element of the steering vector of sub-array 1 is
a3k (θ, ϕ) = H3 exp [−j l (k − 1) cos θ ] with


x3 sin θ cos ϕ + y3 sin θ sin ϕ
H3 = h3 exp −j 2π
. (70)
λ

≈ H1 exp [−j l (k − 1) cos θi ]
 

exp j l (k − 1) θ̃ sin θi

× exp (−j lcosθi ) exp j l θ̃ sin θi

×ρi θi + θ̃, ϕi + ϕ̃; μi d θ̃d ϕ̃.

 

=

(66)



For a small angular
extension
and
d
λ
=
1
4 , it
1

 
follows that exp j l θ̃ sin θi ≈ 1. Then b2 μi can be
expressed as
 
b2 μi k ≈ H1 exp [−j l (k − 1) cos θi ]
 
× exp (−j lcosθi ) h μi k .
(67)
Based on Eqs. 64 and 67, an approximate

 rotational

invariance relationship between b1 μi and b2 μi can be
given by
 
 
b2 μi ≈ exp (−j lcosθi ) b1 μi .
(68)

With
the first order Taylor series
approximation to

√
3
1
exp − 2 j l sin θ cos ϕ and exp − 2 j l sin θ sin ϕ , we
respectively have



1
exp − j l sin θ cos ϕ
2


1
= exp − j l sin θi + θ̃ cos (ϕi + ϕ̃)
2

1 
≈ exp − j l sin θi + θ̃ cos θi (cos ϕi + ϕ̃ sin ϕi )
2


1
≈ exp − j l sin θi cos ϕi
2

1 
(71)
× exp − j l θ̃ cos θi cos ϕi − ϕ̃ sin ϕi sin θi
2
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and


 √
3
j l sin θ sin ϕ
exp −
2

 √

3
= exp −
j l sin θi + θ̃ sin (ϕi + ϕ̃)
2
 √

3 
≈ exp −
j l sin θi + θ̃ cos θi (sin ϕi + ϕ̃ cos ϕi )
2
 √

3
≈ exp −
j l sin θi sin ϕi
2
 √

3 
j l θ̃ cos θi sin ϕi + ϕ̃ cos ϕi sin θi
× exp −
2

(72)


For a small
 extension and d2 λ = 1 4 , it follows
 angular

≈ 1 and
that exp − 12 j l θ̃ cos θi cos ϕi − ϕ̃ sin ϕi sin θi
 √

≈ 1. The
exp − 23 j l θ̃ cos θi sin ϕi + ϕ̃ cos ϕi sin θi
 
kth element of the steering vector b3 μi of sub-array 3 can
be expressed as
 
 


a3k (θ, ϕ) ρ θ, ϕ; μi dθ dϕ
b 3 μi k =
≈ H1 exp [−j l (k − 1) cos θi ]



√
1
3
× exp −j l
sin θi cos ϕi −
sin θi sin ϕi
2
2
 



×
exp j l (k − 1) θ̃ sin θi ρ θ, ϕ; μi dθ dϕ
 
≈ H3 exp [−j l (k − 1) cos θi ] exp (−j ω2i ) h μi k .

(73)
Based on Eqs. 59 and 73, an approximate

 rotational

invariance relationship between b1 μi and b3 μi can be
given by
  H3
 
exp (−j ω2i ) b1 μi .
(74)
b3 μi ≈
H1
Similar as Eq. 74, an approximate
invariance

 rotational

relationship between b1 μi and b4 μi can be given by
  H4
 
exp (−j ω3i ) b1 μi ,
b4 μi ≈
H1
where the form of H4 is similar with that of H3 .

(75)
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