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Abstract—In mobile communication, the signal that a base
station received cannot be regarded as a point source anymore
because of the multipath propagation. A distributed source model
is more suitable for the realistic scenarios. In this paper, an
approach of direction-of-arrival (DOA) estimation is proposed
for coherently distributed (CD) sources consisting of circular and
noncircular signals in a massive or large-scale multiple-input
multiple-output system. The noncircular characteristic can improve the performance of DOA estimation. However, most algorithms are not suitable for DOA estimation where circular and
noncircular signals coexist. Based on the analysis of constraint
conditions satisfied by the steering vector of mixed signals, a
multiple signal classification (MUSIC) like approach is proposed
for the DOA estimation of CD sources consisting of circular and
noncircular signals. On the conditions of low signal-to-noise ratio,
small snapshot numbers, and large source numbers, the pseudopeaking may appear. This phenomenon has been analyzed, and
a modified MUSIC-like approach is proposed. Simulation results
demonstrate that both two proposed algorithms can estimate more
sources than the number of sensors. The estimation performances
of the two proposed algorithms outperform the traditional MUSIC
algorithm.
Index Terms—Circular and noncircular signals, coherently
distributed (CD) sources, direction-of-arrival (DOA) estimation,
massive multiple-input multiple-output (MIMO).

I. I NTRODUCTION

M

ASSIVE or large-scale multiple-input multiple-output
(MIMO) techniques can tremendously improve the performance of wireless networks. In the future communication
architectures, the fifth generation (5G) will be a paradigm
shift that includes very high carrier frequencies with massive
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andwidths, extreme base station (BS) and device densities, and
unprecedented numbers of antennas [1]. As a key technology of
5G, massive MIMO can offer higher data rates, enhanced link
reliability, and potential power savings. Massive MIMO BSs
are equipped with a very large number of antennas (possibly
tens to hundreds of antennas) and simultaneously communicate
with multiple users on the same frequency band [2]. However,
the angular spread effect of electromagnetic wave propagation
cannot be ignored due to the multipath channels in many
applications, e.g., radar, sonar, and mobile communication.
If the transmitted signals of user equipment are regarded as
point sources, the performance of massive MIMO systems
will degrade significantly. Thus, a spatial distributed source
model consisting of hundreds of point sources was introduced
[3]. Generally, the reflection and refraction in a channel cause
angular spread. The distributed sources can be categorized
into incoherently distributed (ID) and coherently distributed
(CD) sources corresponding to rapidly and slowly time-varying
channels, respectively [4]. The first comprehensive survey on
spatial distributed source was reported in [5], where a distributed source model has been systemically elaborated. The
multiple signal classification (MUSIC) algorithm [6] was employed to estimate the direction-of-arrival (DOA) [7], [8] of the
distributed source model in [5].
For CD sources, many DOA estimation algorithms have
been proposed [9]–[14]. Two distributed source models (parametric and nonparametric) were considered in [9]. A 2-D
DOA estimation problem was solved by a MUSIC-based
method for the parametric model, and a direct method under a nonparametric model was also investigated. A two-step
procedure [10] was proposed to decouple the estimation of
DOA from that of the angular spread, and the extended invariance principle is combined with the covariance matching
algorithm. Estimating signal parameters via the rotational invariance technique (ESPRIT) based algorithm has been proposed
for CD source estimation [11]. However, the extension width
was estimated by the distributed source parameter estimator
based on spectrum searching. A sparse representation approach
combined with total least squares-ESPRIT was proposed for
the CD source estimation [12]. However, its computational
complexity was also tremendous. For the 2-D DOA estimation,
an algorithm named as sequential 1-D searching was proposed
based on uniform circular arrays [13]. However, a 1-D searching was needed as well. Based on three parallel uniform linear
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arrays (ULAs), the propagator method was proposed for the
2-D CD source estimation [14].
For the DOA estimation of the noncircular signals, e.g.,
binary phase shift keying (BPSK) signal and amplitude modulation signal, their unconjugated covariance matrix is not
equal to zero, which can be implemented to improve the DOA
estimation performance. The NC-MUSIC algorithm was first
proposed in 1998 [15]. The real-valued ESPRIT algorithm
was introduced to estimate the DOAs of noncircular signals
with a rule hexagonal array, and the Cramer–Rao lower bound
(CRB) was derived [16]. The noncircular asymptotically minimum variance algorithm was proposed in [17], which can
approximate the CRB. However, its computational complexity
is tremendous because of multidimensional parameter searching. The CRBs for the noncircular signals with additive white
Gaussian noise (AWGN) [18] and known color noise [19]
were derived. Based on an ESPRIT-like algorithm, a 2-D DOA
estimation of CD noncircular sources was proposed in [20].
For a massive MIMO system, an ESPRIT-like algorithm was
proposed for the DOA estimation of ID sources [21]. Based on
the unitary transformation, a low-complexity 2-D DOA estimation algorithm was proposed, and the CRB was derived [22].
Based on the ESPRIT algorithm, the 2-D DOA estimation was
achieved in the massive MIMO system. Moreover, the capacity
of the 2-D massive MIMO system was studied [23]. A twostage low-complexity DOA estimation scheme, in which two
MUSIC algorithms are performed for estimating, respectively,
the elevation and azimuth angles of the impinging sources, was
proposed in [22].
To the best of our knowledge, there have been few reports
about the DOA estimation for CD sources consisting of circular
and noncircular signals. In this paper, a MUSIC-like DOA
estimation algorithm is proposed, which can estimate circular and noncircular signals synchronously. The pseudopeaking may appear in low signal-to-noise ratio (SNR) and other
imperfect conditions. The reason leading to this phenomenon
will be analyzed, and a modified MUSIC-like DOA estimation
algorithm is proposed. Moreover, both of the two algorithms
can estimate more sources than the number of sensors.
This paper is organized as follows. The generalized MUSIC
algorithm for CD sources is introduced in Section II. Two
MUSIC-like algorithms are proposed in Section III. Several
issues about the pseudopeaking are discussed in Section IV.
The simulation results are shown and analyzed in Section V.
The conclusion is drawn in Section VI.
Notation: In this paper, operators (·)∗ , (·)T , (·)H , and E{·}
denote conjugate, transpose, conjugate transpose, and expectation, respectively. The boldface uppercase letters and boldface lowercase letters denote matrices and column vectors,
respectively. The operator F stands for the Frobenius norm
of a matrix. diag{z1 , z2 } stands for a diagonal matrix whose
diagonal entries are z1 and z2 . IM stands for an M × M
identity matrix.
II. G ENERALIZED MUSIC A LGORITHM
It is assumed that q uncorrelated narrowband CD sources
transmitted by UTs impinge on the BSs equipped with a ULA

in a massive MIMO system. A ULA consists of M sensors,
and the distance among adjacent sensors is d. The received data
vector x(t) at time t is given by
x(t) = As(t) + n(t)

(1)

where A = [a1 , a2 , . . . , aq ] is the M × q generalized steering
matrix, s(t) = [s1 (t), s2 (t), . . . , sq (t)]T is the q × 1 signal vector, and n(t) is the M × 1 AWGN vector with zero means and
variance σn2 . ai = a(θi , σθi ) is the generalized steering vector
of the ith CD source, which is expressed as

(2)
a(θ, σθ ) = c(θ)ρ(θ, σθ )dθ
where θ and σθ are the central DOA and the angular spread,
respectively. ρ(θ, σθ ) and c(θ) denote the probability density
function (PDF) of angular spread and the M × 1 complex
exponential vector, respectively.
For the 1-D signal model of CD source, the PDF of angular
spread ρ(θ, σθ ) is normally uniform or Gaussian distribution;
thus, we have
ak (μ) = [a(θ, σθ )]k ≈ [c(θ)]k [g(θ, σθ )]k

(3)

where [c(θ)]k is the complex exponential term. Because the
PDF of angular spread is symmetrical, [g(θ, σθ )]k is a real
number, k = 1, 2, . . . , M . [c(θ)]k is given by
  

2π
[c(θ)]k = exp j
d(k − 1) sin θ .
(4)
λ
For the CD source following uniform distribution, the PDF
of angular spread is given by:

1
, |θ − θ̄| ≤ σθ
(5)
ρ(θ, σθ ) = 2σθ
0,
|θ − θ̄| > σθ
where θ̄ is the angular range of the different incident signals in
one CD source. The corresponding [g(θ, σθ )]k is given by
[g(θ, σθ )]k =

sin ((k − 1)σθ )
.
(k − 1)σθ

(6)

For the CD source following Gaussian distribution, the PDF
of angular spread is given by


1
(θ − θ̄)
ρ(θ, σθ ) = 
exp −
(7)
2σθ2
2πσθ2
then the corresponding [g(θ, σθ )]k is given by


(k − 1) 2
σθ .
[g(θ, σθ )]k = exp −
2

(8)

According to received data vector x(t), the covariance matrix
of x(t) is expressed as


(9)
R = E x(t)xH (t) = ARS AH + σn2 IM
where RS is the signal covariance matrix of CD sources.
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The singular value decomposition of R is given by
H
R = US ΣS UH
S + UN ΣN UN

Signal vector s(t) consists of q signals, its unconjugated
covariance matrix R S is defined as
(10)

where the column vectors of US and UN are constructed by the
singular vectors corresponding to the q largest singular values
and M − q other singular values, respectively. The entries of
diagonal matrices ΣS and ΣN are constructed by the q largest
singular values and M − q other singular values, respectively.
Since CD sources are uncorrelated with each other and then
RS is a nonsingular matrix, we have
UH
N a (θi , σθi ) = 0, i = 1, 2 . . . , q.

(11)

According to the structure of the steering vector given in (3),
a(θi , σθi ) is the function of incident signal θi and angular
spread σθi . Obviously, when θ = θi , σθ = σθi , i = 1, 2, . . . , q,
we have aH (θ, σθi )UN = 0. Based on the orthogonality between signal and noise subspace, the conventional MUSIC
estimator [6] involves minimizing its null-spectrum function as
follows:
f (θ, σθi ) = aH (θ, σθi )UN

F

= aH (θ, σθi ) UN UH
N a (θ, σθi ) .
(12)

If the PDF of angular spread is identical and known a priori
such as (5) and (7), then we can obtain the closed expression
of generalized steering vector a(θi , σθi ). When θ = θi , σθ =
σθi , i = 1, 2, . . . , q, (12) would reach the minimum. We can
obtain these DOAs of q incident signals by spectrum peaking
searching. This is the fundamental principle of MUSIC as
mentioned previously. Generally, the reciprocal of the spatial
spectrum given in (12) is usually adopted and can be expressed as
f (θ, σθ ) =

1
aH (θ, σθ )ÛN ÛH
N a(θ, σθ )

(13)

where ÛN is the estimator of noise subspace. This is the
generalized MUSIC algorithm, which needs the two-parameter
searching for CD sources.
In practical situations, the theoretical array covariance matrix
R given in (9) is unavailable, and it is usually estimated by
R̂ =

1
L
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R S = E s(t)sT (t)
= diag {E [s1 (t)s1 (t)] , E [s2 (t)s2 (t)] , . . . , E [sq (t)sq (t)]}

= diag ρ1 ejβ1 E [s1 (t)s1 ∗ (t)]

×ρ2 ejβ2 E [s2 (t)s2∗ (t)] , . . . , ρq ejβq E [sq (t)sq∗ (t)]
(16)
 PBRS
where P is a diagonal matrix, whose diagonal entries are the non
circularity rates of q signals, and it is defined as P = diag{ρ1 ,
ρ2 , . . . , ρq }. B is a diagonal matrix, whose diagonal entries
are the noncircularity phases of q signals, and it is defined
as B = diag{exp(jβ1 ), exp(jβ2 ), . . . , exp(jβq )}. In particular,
when the q signals are all maximal noncircularity rated signals,
we have P = Iq . When the q signals are all circular signals,
we have R S = 0. It can be seen from (16) that the information
of the noncircular signal contained in unconjugated covariance
matrix R S is related to signal covariance matrix RS via noncircularity rate matrix P and noncircularity phase matrix B.
According to (1) and (16), the unconjugated covariance matrix R of received data vector x(t) is expressed as
R = E [x(t)x(t)] = AR S AT + E n(t)nT (t)
= APBRS AT .

(17)

In practical situations, similarly with the maximum likelihood estimator given in (14), the unconjugated covariance
matrix R is estimated by
R̂ =

1
L

L

x(t)xT (t).

(18)

t=1

In order to utilize the noncircular characteristic of incident
signals, i.e., the information contained in unconjugated covariance matrix R , equation R S = PBRS is used to connect unconjugated covariance matrix R and covariance matrix R via
noncircularity rate and noncircularity phase. Thus, an extended
received data vector y(t) is given by

x(t)
y(t) = ∗
.
(19)
x (t)

L

x(t)xH (t).

(14)

t=1

In order to simplify the derivation of the expression given in
equations as follows, angular spread parameter σθ is omitted.
III. DOA E STIMATION FOR C IRCULAR S IGNALS
AND N ONCIRCULAR S IGNALS
For a noncircular signal s, it holds that [24]
E [s(t)s(t)] = ρejβ E [s(t)s∗ (t)]

(15)

in which β is the noncircularity phase, ρ is the noncircularity
rate, ρ = 1 for the maximal noncircularity rated signal, and 0 <
ρ < 1 for the common noncircularity rated signal.

Then, the covariance matrix Ry of the extended received data
vector y(t) is expressed as
Ry = E y(t)yH (t)
ARS AH
= 
∗
AR S AT



T
 AR S AH ∗ + σn2 I2M .
ARS A

(20)

Based on R S = PBRS , (20) can be rewritten as

ARS AH
APBRS AT
2
Ry =
∗
∗ + σn I2M
(APBRS AT )
(ARS AH )
 IM +P

A
−A
RS
0
2
=
IM −P
A∗ B∗
A∗ B∗
0
2 RS
H
A
−A
+ σn2 I2M .
(21)
×
A∗ B∗
A∗ B∗
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There exist two cases: one is that only maximal noncircularity rated signals exist in incident signals. The other is that
maximal noncircularity rated and circular signals coexist.

Substituting (24) and (29) into (28), we have
f (θ, β) = aH (θ)UN1 + ejβ aT (θ)UN2

H
H
= aH (θ)UN1 UH
N1 a(θ) + a(θ) UN2 UN2 a(θ)

A. DOA Estimation for Maximal Noncircularity Rated Signals

−jβ H
∗
+ ejβ aT(θ)UN2 UH
a (θ)UN1UH
N1 a(θ)+e
N2 a (θ).
(30)

The noncircularity rated matrix P of the maximal noncircularity rated signals satisfies
P = Iq .

(22)

We define the extended manifold matrix Anc as

A
Anc 
A∗ B∗
= [anc−1 (θ, β), anc−2 (θ, β), . . . , anc−q (θ, β)]

(23)

where anc−i (θ, β) is the extended steering vector. It contains
angular parameter θ and noncircularity phase parameter β and
can be expressed as

ai (θ)
anc−i = −jβi ∗
, i = 1, 2, . . . , q.
(24)
e
ai (θ)
Then, the covariance matrix Ry of the extended array can be
given by
2
Ry = Anc RS AH
nc + σn I2M .

(25)

Compared with (9), it can be seen that Ry has the same form
as the covariance matrix R in the MUSIC algorithm. The
extended manifold matrix Anc corresponds to manifold matrix
A. However, from R to Ry , the dimension is extended from
M × M to 2M × 2M . Thus, the MUSIC algorithm can be used
to estimate the DOA of incident signals with high accuracy. The
eigenvalue decomposition (EVD) of Ry is expressed as

(26)

where US is the eigenmatrix of Ry corresponding to the q
largest eigenvalues spanning signal subspace. Similarly as US ,
UN is the eigenmatrix of Ry corresponding to 2M − q small
eigenvalues, which spans noise subspace. Based on the principle of the MUSIC algorithm, the extended manifold matrix Anc
is orthogonal to the noise subspace, i.e.,
AH
nc UN = 0.

(27)

f (θ, β) =

=

∂f (θ, β)
= jejβ aT (θ)UN2 UH
N1 a(θ)
∂β
∗
− je−jβ aH (θ)UN1 UH
N2 a (θ) = 0

H
aH
nc (θ, β)UN UN anc (θ, β).

(28)

According to (24), anc can be written as two partitioned matrix;
thus, noise eigenmatrix UN can be partitioned into two block
matrices

UN1
UN =
.
(29)
UN2

(31)

i.e.,
ejβ = ±

∗
aH (θ)UN1 UH
N2 a (θ)
.
H
aT (θ)UN2 UN1 a(θ)

(32)

Obviously, in order to make f (θ, β) given in (30) reach the
minimum, the negative sign is chosen at the right side of (32).
Then, substituting (32) into (30), we have
H
H
f (θ) = aH (θ)UN1 UH
N1 a(θ) + a(θ) UN2 UN2 a(θ)

(33)

Meanwhile, it has been proven in [25] that the block matrices
UN1 and UN2 of noise eigenmatrix UN meet the relationship
as follows:
UN2 = U∗N1 Δ

(34)

where Δ is a diagonal matrix whose entries are complex numbers with the module of one. Thus, we can obtain the relationship as follows:


H ∗
(35)
UN1 UH
N1 = UN2 UN2


H ∗
UN2 UH
.
N1 = UN1 UN2

Thus, the spatial spectrum function is given by
aH
nc (θ, β)UN F

From (30), it can be seen that spatial spectrum function f (θ, β)
is not only the function of angular parameter θ but also the
function of noncircularity phase parameter β. In order to reduce
the computational complexity of parameter searching in (30),
the dimension of the unknown parameter in (30) should be
reduced. The essence of dimension reduction is that angular
parameter θ and noncircularity phase parameter β can make
spatial spectrum function f (θ, β) reach the extremum, i.e., the
partial derivative of f (θ, β) with respect to θ and β is equal to
zero. Thus, we have

− 2 aT (θ)UN2 UH
N1 a(θ) .

H
Ry = US ΣS UH
S + UN ΣN UN
2
H
= US ΣS UH
S + σn UN UN

F

(36)

Substituting (35) and (36) into (33), we can obtain a simplified
spatial spectrum function given by
T
H
f (θ) = aH (θ)UN1 UH
N1 a(θ) − a (θ)UN2 UN1 a(θ) . (37)

Then, the dimension reduction MUSIC algorithm for maximal noncircularity rated signals (DRNC-MUSIC) is summarized as follows.

WAN et al.: DOA ESTIMATION FOR CD SOURCES CONSIDERING CIRCULAR AND NONCIRCULAR SIGNALS

Algorithm 1 DRNC-MUSIC algorithm.
1: Estimate covariance matrix R̂ and unconjugated covariance
matrix R̂ using (14) and (18);
2: Construct extended received data vector y(t) based on (19);
3: Construct the covariance matrix Ry of extended received
data vector y(t) based on (20);
4: Take the EVD of covariance matrix Ry based on (26), noise
subspace UN is obtained;
5: Partition noise subspace UN into two block matrices based
on (29);
6: Construct spatial spectrum function based on (30);
7: Calculate the partial derivative of f (θ, β) with respect to β
and let it be zero, then (31) is obtained;
8: Substitute (32) into (30), the spatial spectrum function of
dimension reduction MUSIC algorithm is given by (33);
9: Base on the equation (34), a simplified spatial spectrum function is given by (37).

B. DOA Estimation for Common Noncircularity Rated
and Circular Signals
However, in real applications, the form of the signal is not
usually simplex; thus, a more generalized algorithm should be
proposed to deal with the problem containing more complex
signal. In a more specifical way, we should consider the condition that the maximal noncircularity rated and circular signals
coexist. It is assumed that there are q incident signals, including
qa maximal noncircularity rated signals and qb common noncircularity rated and circular signals, and they satisfy qa + qb = q.
Other related matrices are distinguished based on the subscripts a and b. The former corresponds to maximal noncircularity rated signals, and the later corresponds to common
noncircularity rated and circular signals. The signal covariance
matrix RS can be written as

RSa
0
RS =
.
(38)
0
RSb
The corresponding manifold matrix can be written as
A = [Aa

(39)

Ab ].

Since the noncircularity rated of the maximal noncircularity
rated signals satisfies ρ = 1, the noncircularity rated and noncircularity phase matrices can be, respectively, expressed as


Ia
Pa
=
(40)
P=
Pb
Pb
B=



Ba
Bb

(41)

.

The extended manifold matrix Anc is written as
Anc

Aa
=
A∗a B∗a

Ab
A∗b B∗b

−Ab
A∗b B∗b


(42)

45

then the extended covariance matrix Ry can be written as
⎡
⎤
0
0
RSa
Ib +Bb
2
⎦ AH
RSb
0
Ry = Anc ⎣ 0
nc + σn I2M
2
Ib −Bb
0
0
2 RSb
H
2
 Anc RSab Anc + σn I2M .
(43)
Based on the orthogonality relationship between manifold matrix Anc and noise subspace, we have
⎤
⎡ H
T

AT
Aa
a Ba
H
T T ⎦ UN1
⎣
A
A
B
AH
U
=
=0
(44)
nc N
b
b
b
UN2
T T
−AH
A
B
b
b
b
i.e.,

⎧
H
T T
⎪
⎨Aa UN1 + Aa Ba UN2 = 0
H
T
Ab UN1 + AT
b Bb UN2 = 0
⎪
⎩
T T
−AH
b UN1 + Ab Bb UN2 = 0.

(45)

It can be seen that the steering vector of the maximal noncircularity rated signals satisfies aH (θ)UN1 + ejφ aT (θ)UN2 =
0. If we construct a spatial spectrum function f (θ, β) =
aH (θ)UN1 + ejβ aT (θ)UN2 F , the identical form of the simplified spatial spectrum function given in (37) can be obtained.
For common noncircularity rated and circular signals, the corresponding steering vectors satisfy

aH (θ)UN1 + ejφ aT (θ)UN2 = 0,
(46)
−aH (θ)UN1 + ejφ aT (θ)UN2 = 0.
Based on simple calculations, we have
aH (θ)UN1 = 0
aT (θ)UN2 = 0.

(47)
(48)

According to (34), the information contained in (47) and (48)
is identical. Thus, for common noncircularity rated and circular
signals, we can construct a spatial spectrum function as follows:
f (θ, β) = aH (θ)UN1

F

= aH (θ)UN1 UH
N1 a(θ).

(49)

Then, the dimension reduction MUSIC algorithm for common
noncircularity rated and circular signals (DRNC-MUSIC-CC)
is summarized as follows.
Algorithm 2 DRNC-MUSIC-CC algorithm.
1: Estimate covariance matrix R̂ and unconjugated covariance
matrix R̂ using (14) and (18);
2: Construct extended received data vector y(t) based on (19);
3: Construct the covariance matrix Ry of the extended received data vector y(t) based on (20);
4: Take the EVD of the covariance matrix Ry based on (26),
the noise subspace UN is obtained;
5: Partition the noise subspace UN into two block matrices
based on (29);
6: Construct the spatial spectrum function based on (49).
For qb common noncircularity rated and circular signals,
we can search the minimum of (49) to achieve the DOAs of
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It should be noted that the dimension of matrix UN1 is M × l,
where l = 2M − qa − 2qb ≥ 2. The vectors constructing matrix UN1 can be expressed as
(51)

UN1 = [u1 , u2 , . . . , ul ].
According to the triangle inequality, we have
l

aH (θ)ui

G1 (θ) =
i=1
l

≥

2

l

=

∗
δi 
ej 2 aH (θ)ui

2

i=1


2
= G2 (θ)
ejδi aT (θ)u∗i

(52)

i=1

Fig. 1. Pseudopeaking at (85◦ , 105◦ , 125◦ , and 155◦ ) for the common
noncircularity rated and circular signals.

incident signals. Compared with (37), we can know that the
steering vectors of common noncircularity rated and circular
signals given in (47) and (48) make the spatial spectrum function given in (37) equal to zero. It means that the minimum of
(37) not only contains the minimum corresponding to DOAs of
the maximal noncircularity rated signals but also contains the
DOAs of the minimum corresponding to the common noncircularity rated and circular signals. Generally, for common noncircularity rated and circular signals, the estimation accuracy
of (49) is better than (37). Then, the information of DOAs of
incident signals will be delivered to the data processing center
via a wireless sensor network [26], [27].
IV. D ISCUSSIONS
As mentioned previously, the DOAs of the maximal noncircularity rated, common noncircularity rated, and circular signals
can be obtained by searching the minimum of (37). However,
there exists a problem, i.e., in low SNR, small snapshot numbers, and large source numbers, more than one spectrum peakings may appear in the neighborhoods of DOAs of common
noncircularity rated and circular signals in a certain probability.
Pseudopeaking may affect DOA estimation for the maximal
noncircularity rated signals. An example is shown in Fig. 1.
Pseudopeakings appear in (85◦, 105◦, 125◦ , and 155◦). Six mixed
signals impinge on a ULA consisting of six sensors. The directions of two maximal noncircularity rated signals are (45◦ and
65◦ ), the directions of two common noncircularity rated signals
are (85◦ and 105◦ ), and the directions of two circular signals are
(125◦ and 155◦). The SNR is 3 dB, and the snapshot number is
500. The appearance of pseudopeakings will lead to mistake
judgment, and the direction finding error would increase.
Then, we will analyze the reason that pseudopeakings may
appear in the neighborhoods of DOAs of the common noncircularity rated and circular signals in a certain probability. When
(34) is substituted into (37), then (37) can be written as
H

f (θ) = a

(θ)UN1 UH
N1 a(θ)

 G1 (θ) − G2 (θ).

− a

T

(θ)U∗N1 ΔUH
N1 a(θ)
(50)

where exp(jδi ), i = 1, 2, . . . , l are the entries of diagonal matrix Δ. According to the property of inequality, the condition
of the equality given in (52) holds when



2 

2 
= arg ejδ2 aT (θ)u∗2
arg ejδ1 aT (θ)u∗1


2 
.
= · · · = arg ejδl aT (θ)u∗l
(53)
The function value of each term in (53) would vary continuously
when θ varies. The discontinuous hopping points would appear at
the locations where the DOAs of common noncircularity rated
and circular signals make the modula of each term in(53) equal to
zero. Based on the effect of noise and limited sample, the
dramatic changes would occur at these discontinuous hopping
points. The scope of the dramatic changes will increase when
SNR and snapshot number decrease. In the neighborhoods of
these angulars, the complex values satisfying (53) would intersect with each other, which would be contained in the minimum by
searching (37). Meanwhile, if the equivalent source number becomes smaller, then the value of l would become larger. At this
time, the condition of (53) is more critical. Thus, for common
noncircularity rated and circular signals, the minimum corresponding to (37) would usually make the modula of each term in
(53) achieve minimum. When the equivalent source number becomes larger, then the value of l would become smaller. The points
which satisfy or approximately satisfy (53) would appear in the
neighborhoods of these discontinuous hopping points. The function value of(37) may become smaller than the minimum of G1(θ).
Then, pseudopeakings appear in the searching results of (37).
In particular, when l = 2, i.e., the maximum number of incident
signals is achieved, this phenomenon is the most obvious of all.
Based on Fig. 1 and the analysis mentioned previously, in
low SNR, small snapshot numbers, and large source numbers,
the pseudopeakings would appear in neighborhoods of the
spectrum peaking of common noncircularity rated and circular
signals. Thus, we can modify (37) by (49). The new spatial
spectrum function can be constructed as
f (θ) =

1
G1 (θ)G2 (θ)
+
.
G1 (θ) − G2 (θ) G1 (θ)2F

(54)

In Algorithm 1, (37) can be replaced by (54) to avoid
the appearance of pseudopeakings and improve estimation
accuracy. This algorithm is called modified DRNC-MUSIC
(DRNC-MUSIC-M).

WAN et al.: DOA ESTIMATION FOR CD SOURCES CONSIDERING CIRCULAR AND NONCIRCULAR SIGNALS

Fig. 2. RMSE versus SNR.
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Fig. 3. Successful probability versus SNR.

V. S IMULATION R ESULTS
In this section, numerical results are shown to demonstrate the performances of the proposed algorithms based on
MATLAB. A ULA consists of six sensors, and the distance
among adjacent sensors is one half-wavelength. CD sources
are uncorrelated with each other. Angular spread parameter
σθ = 2◦ is identical for all of the CD sources and PDF taken
Gaussian distribution for all of the CD sources. We compare
the proposed DRNC-MUSIC-M algorithm and DRNC-MUSIC
algorithm with the traditional MUSIC algorithm. The number
of independent trials is 100. A successful trial is defined as
that the difference between the estimated and true DOA is less
than 5◦ . The successful probability is calculated as the ratio
between the number of successful trials and the total number
of the independent trials.
First, we test the DOA estimation performances of different
algorithms versus SNR. The root-mean-square error (rmse) is
defined as


 1 Nk q
2
θ̂ik − θi
(55)
RMSE = 
Nk
i=1
k=1

where Nk stands for the number of independent trials and θ̂ik
represents the estimated DOA of the ith signal in the kth trial.
θi represents the true DOA of the ith signal.
It is assumed that one BPSK signal (noncircular one with
a noncircularity rate of 1) with direction 35◦ , two QPSK
signals (circular ones a with noncircularity rate of 0) with
directions (65◦ and 85◦ ), and one UQPSK signal (the common
noncircularity rated signals) with direction 115◦ impinge on
the ULA. The noncircularity phase of the BPSK signal is 20◦ ,
the noncircularity phase of the UQPSK signal is 40◦ , and the
noncircularity rated is 0.5. The snapshot number is fixed at 300.
The rmses of different algorithms versus SNRs are depicted
in Fig. 2. The successful probabilities of different algorithms
versus SNRs are plotted in Fig. 3.
It can be seen from Fig. 2 that the rmse becomes smaller
as the SNR increases for all of the algorithms. Due to the
application of the unconjugated covariance matrix, more data

Fig. 4. RMSE versus snapshot number.

information is used for DOA estimation for the DRNC-MUSIC
algorithm. Thus, the rmse of the DRNC-MUSIC algorithm is
smaller than that of the MUSIC algorithm.
However, the DRNC-MUSIC algorithm suffers from the
effect of pseudopeakings. The DRNC-MUSIC-M algorithm
modifies this drawback. The rmse of the DRNC-MUSIC-M
algorithm is smaller than that of the DRNC-MUSIC algorithm.
From Fig. 3, it can be seen that, when the SNR is 3 dB,
successful probability approximates to 100%. The successful
probability of the DRNC-MUSIC-M algorithm is higher than
that of the other two algorithms in a low SNR, which is verified
by the results of Fig. 3.
Second, we test the DOA estimation performance of different
algorithms versus snapshot number. The SNR is fixed at 3 dB.
Other simulation conditions are identical with Fig. 2. The rmses
of different algorithms versus snapshot numbers are plotted in
Fig. 4. The successful probabilities of different algorithms versus snapshot numbers are plotted in Fig. 5. It can be seen from
Fig. 4 that the rmse becomes smaller as the snapshot number increases for all of the algorithms. The proposed DRNC-MUSICM algorithm and DRNC-MUSIC algorithm outperform the
MUSIC algorithm. Because of the effect of pseudopeakings,
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and 125◦ ), which correspond to the circular and common
noncircularity rated signals, respectively. The proposed DRNCMUSIC-M algorithm outperforms the DRNC-MUSIC algorithm without pseudopeakings.
VI. C ONCLUSION

Fig. 5. Spatial spectrums of different algorithms.

In this paper, two MUSIC-like algorithms for CD sources
consisting of circular and noncircular signals have been proposed in a massive MIMO system. The maximal noncircularity rated, common noncircularity rated, and circular signals
can be estimated synchronously. On imperfect conditions, the
pseudopeaking may appear. The reason why pseudopeaking
appears is analyzed in detail. The simulation results show that
both of the proposed two algorithms can estimate more sources
than the number of sensors, which means that more UTs can
communicate with BS synchronously. The capacity of BS can
increase greatly.
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