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a b s t r a c t
In this paper, a novel localization method is proposed for DOA, range and polarization estimation of nearﬁeld noncircular sources in massive multiple-input-multiple-output (MIMO) systems. Compared with
traditional MUSIC-based algorithms, the proposed algorithms can separate the polarization parameters
from the spatial spectrum function, avoiding the four-dimensional (4-D) spectrum search and realizing
the fast localization of the near-ﬁeld source with high accuracy. First, the dimension-reduced MUSIC (DRMUSIC) algorithm is proposed for DOA and range estimation with low computational complexity, and
given a closed-form expression of polarization estimation. Next, based on the quaternion theory, a novel
algorithm named quaternion non-circular MUSIC (QNC-MUSIC) is proposed for parameter estimation
of non-circular signals with high estimation accuracy. In addition, the analysis of the computational
complexity and simulations of the proposed method are provided, showing that the proposed method
yields a better performance than DR-MUSIC in massive MIMO systems.
© 2019 Elsevier Inc. All rights reserved.

1. Introduction
Massive multiple-input-multiple-output (MIMO), where a base
station (BS) equipped with a large number of antennas, is the
key enabling technology for gigabit-per-second data transmission
in the next generation wireless communication system [1,2]. With
the spatial freedom offered by large antenna arrays, abundant mobile terminals are expected to occupy the same set of time and
frequency resources with negligible interference [3], and the network capacity and transmission eﬃciency of the system can be
greatly improved.
Attracted by the promising properties of the massive MIMO
technique, extensive research such as interference mitigation [4],
multiuser beamforming [5] has been conducted both on theoretical
studies and practical implementations. However, channel modeling,
one of the important tools to evaluate the performance of massive
MIMO systems is required in all above researches and Direction-ofarrivals (DOAs) of signal paths, as the crucial parameters of channel
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physical model, its estimation precision directly determines the
quality of the channel model. Thus, accurate DOA estimation is a
prerequisite for channel modeling in massive MIMO systems.
The traditional DOA estimation algorithms, such as MUSIC [6]
and ESPRIT [7], follow a hypothesis that the distance from the
sources to the array is inﬁnity. However, with the increase of the
number of antennas in massive MIMO systems, the array size increases sharply which contributes to a large Rayleigh distance [8].
At this time, the far-ﬁeld hypothesis is no longer satisﬁed. The
traditional algorithms of estimating far-ﬁeld sources cannot be directly used to estimate near-ﬁeld sources, therefore it is important
to develop localization methods for near-ﬁeld sources in massive
MIMO systems.
Recent researches have shown that the performance improvement of DOA estimation methods can be attained by using the
polarization sensitive array and coprime array in wireless communication applications [9–12]. As far as the near-ﬁeld source localization problem is concerned, the least squares-virtual ESPRIT algorithm based on fourth-order statistics (FOS) has been proposed in
[13]. Following the higher order statistics (HOS) idea, He et al. [14]
proposed the maximum likelihood method and subspace-based
method for partially polarized sources. In order to reduce the computational complexity and improve the estimation accuracy, some
efforts have been made to maintain the vector nature of the po-
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larization sensitive array output within a hyper complex algebra
framework [15–17]. In [15], the quaternion-MUSIC (Q-MUSIC) algorithm was proposed, and the collection of a two-component
vector-sensor array is represented by a quaternion model, which
has higher accuracy in direction ﬁnding than traditional MUSIC
one. In [17], a quaternion ESPRIT algorithm was proposed for DOA
estimation with a crossed-dipole array, and it was shown to outperform the conventional complex ESPRIT algorithm. Therefore,
utilizing hyper complex algebra properly can improve the estimation performance.
However, none of these above-mentioned algorithms has considered that the impinging signals are non-circular which have
been widely used in modern wireless communication systems,
such as QAM and BPSK signals. Recent researches [18,19] have
shown that the estimation accuracy can be improved through exploiting the covariance matrix and the pseudo covariance matrix
properly. For DOA estimation of non-circular signals, the classical
algorithm non-circular multiple signal classiﬁcation (NC-MUSIC)
was proposed in [20], which expanded the array virtual aperture
and improved estimation accuracy. Following the idea of expanding the array virtual aperture, Zhou et al. proposed a series of
eﬃcient algorithms for virtual array such as coprime array, in
[21–23], which improved the robustness and eﬃciency of the estimation. However, these methods assume that the incoming signals
are far-ﬁeld sources, however, in some practical applications, both
near-ﬁeld and far-ﬁeld should be considered. Thus a lot of research
on the localization of near-ﬁeld and mixed sources exploiting the
non-circular information was reported in [24–27]. In [24], Chen
et al. proposed the rank reduction localization method for mixed
near-ﬁeld and far-ﬁeld rectilinear sources. Furthermore, for DOA
estimation of mixed circular and non-circular signals, Chen et al.
proposed two two-dimensional direction ﬁnding algorithms in [26,
27]. To the best of our knowledge, no contributions have dealt
yet with DOA, range and polarization for near-ﬁeld non-circular
signals. Therefore, in this paper, based on a uniform linear polarization array, we proposed a localization method for near-ﬁeld
non-circular sources by exploiting both the non-circular and polarization information of the signals.
Notations: in this paper, (·)∗ , (·) T , (·) H , (·)−1 and E [·] represent
operations of conjugation, transpose, conjugate transpose, inverse
and expectation respectively. R, C and H represent the number
ﬁelds of real number, complex number and the quaternion number, respectively. The symbol diag {·} stands for the diagonalization
operation and I M stands for a M × M identity matrix.  ·  F denotes the Frobenius norm. arg(·) is the phase operator of complex
numbers and det (·) is the determinant operator of square matrices. ⊗ and  are the Kronecker product and Hadamard product
operations, respectively.
2. Deﬁnition of quaternion and relevant arithmetic
Quaternions are a special hyper complex numbers system, ﬁrst
proposed by Hamilton [28]. Quaternions can be regarded as an extension of complex numbers to four-dimensional (4D) space. Basic
properties and more complete material about quaternions can be
found in [29,30]. Several basic deﬁnitions, notations and properties
which would be used in this paper are introduced as follows.
Deﬁnition 1. A quaternion has four components (one real part and
three imaginary parts) and can be expressed in Cartesian form as

q = a + bi + c j + dk

= (a + bi ) + (c + di ) j
=α+βj

(1)

where a, b, c , d ∈ R are real numbers, α , β ∈ C are complex number, and i , j , k are imaginary units which obey the following multiplication rules

i j = − ji = k,

jk = −kj = i

ki = −ik = j ,

i 2 = j 2 = k2 = −1

(2)

Property 1. The multiplication of two imaginary units is not commutative which means that given two quaternions q1 , q2 ∈ H, we
have q1 q2 = q2 q1 .
Deﬁnition 2. The notation q∗ which represents the conjugate of
quaternion q, is deﬁned as

q∗ = a − bi − c j − dk

(3)

Property 2. Given two quaternions q1 , q2 ∈ H, we have (q1 q2 )∗ =
q∗2 , q∗1 and for a complex number α ∈ C , we have α j = j α ∗ .
Deﬁnition 3. The matrix B which is consisted of quaternions called
the quaternion matrix, noted with B ∈ H.
Property 3. For two quaternion matrix B ∈ H P × Q and C ∈ H Q × P ,
we have (BC) H = C H B H , and for a complex matrix D ∈ C , we have
D j = jD∗ . It should be noted that, because of q1 q2 = q2 q1 , in general, we have (BC) T = C T B T .
Deﬁnition 4. Given a quaternion matrix B ∈ H it can be expressed
as B = B1 + jB2 , with B1 , B2 ∈ C , by using the Cayley-Dickson
notation. Then one can deﬁne the complex adjoint matrix [31], corresponding to the quaternion matrix as follows


Bσ =

B1

B∗2


(4)

−B2 B∗1

Property 4. The complex adjoint matrix Bσ is normal, hermitian or
unitary if and only if the quaternion matrix B is normal, hermitian
or unitary, and the rank of B is r if and only if the rank of Bσ is 2r.
Theorem 1. A quaternion square matrix B ∈ H P × P which satisﬁes
B = B H is called self-conjugated matrix. The left and right eigenvalues
of self-conjugated matrix B are both real numbers and equal. Moreover,
they are the eigenvalues of the complex adjoint matrix Bσ as well. This
proof can be found in [31].
For a self-conjugated matrix B ∈ H P × P , which can be written as B =
B1 + jB2 , with B1 = B1H , B2 = −B2T . Therefore according to (4), it is
known that the complex adjoint matrix Bσ is a complex hermite matrix
with 2P × 2P dimension. And the EVD of the complex adjoint matrix Bσ
which can be expressed as


Bσ =

U1

U∗2

−U2 U∗1



P

0

0

P



U1

U∗2

H

−U2 U∗1

(5)

Where  P = diag (λ1 , λ2 , · · · , λ P ) and the entries on its main diagonal are the eigenvalues of self-conjugated matrix B. The special structure
of Bσ induces the structure in U1 and U2 which represent quaternion
vectors in their complex notations. Then the EVD of the quaternion matrix B can be expressed as

Bσ = U P U H = (U1 + jU2 ) P (U1 + jU2 ) H

(6)
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angle and polarization phase difference respectively. Thus the data
received by the lth sensors at time t can be expressed as

x1l (t ) =
x2l (t ) =

K

k =1
K


al,k (θk , rk )ξ1k sk (t ) + n1l (t )
(9)
al,k (θk , rk )ξ2k sk (t ) + n2l (t )

k =1

Where sk (t ) is the complex envelope of the received signal,
n1l (t ) and n2l (t ) are the additive white Gaussian noise which is independent and identically distributed (I.I.D.) with zero mean and
uncorrelated with the sources. Let the vector x1 (t ) = [x1(− L ) (t ),
· · · , x10 (t ), · · · , x1L (t )] T represents the data received by all loops
and the vector x2 (t ) = [x2(− L ) (t ), · · · , x20 (t ), · · · , x2L (t )] T represents the data received by all dipoles, then the data vector received
by the array can be expressed as

Fig. 1. Array geometry of the ULA considered.

3. Signal and array models

x1 (t ) = A1 S(t ) + n1 (t )
As shown in Fig. 1, consider a uniform linear array (ULA) of
2L + 1 elements, each equipped with concentered orthogonal loop
and dipole (COLD). There are K narrowband completely polarized
signals located in Fresnel-region of the array. Without loss of generality, we assume the kth near ﬁeld source in the y z plane is
impinging on the array form the angle θk ∈ (− π2 , π2 ) and range
rk , where the θk represents the angle between the kth source
and the zaxis and the rk denotes the range from the source to
the origin of coordinates. The distance of two elements is d, with
d ≤ 0.5λmin , where λmin refers to the minimal signals wavelength
of the incident signals. The range d which assumed to be within a
half-wavelength is to avoid estimation ambiguity.
Let the array center indexed by 0 be the phase reference
point. Then the response of the lth (l = − L , · · · , 0, · · · , L ) sensor corresponding to the angle θk , the range rk of the kth (k =
1, · · · , k, · · · , K ) source can be modeled as a(θk , rk ) and it is deﬁned as

alk (θk , rk ) = exp (i w lk )

= exp (i

2π r k

λ


( 1+(

ld
rk

)2 −

2π d sin θk
rk

− 1))

(7)

Where the w lk is the phase offset between the 0th and lth sensors associated with the kth source. For the near-ﬁeld incident signals, w lk can be expressed as w lk ≈ lμk + l2 ϕk with second-order
2π d sin θ

π d2 cos2 θ

k
k
expansion, where μk = −
and ϕk =
are called
λ
λrk
electric angles. It should be noted that the range of the near-ﬁeld
signal is within the Fresnel region [32]. Although the approximate
form of w lk can simplify the expression of (7), it also introduces
errors inevitably. Therefore, the exact form of w lk is used in the
proposed algorithms.
The completely polarized signals can be decomposed into electric component and magnetic component. An element equipped
with orthogonal magnetic loop and dipole measures each polarization component separately, the loop measuring the magnetic
component, and the dipole measuring the electric component. For
the kth signal, the components of the electromagnetic wave received by the array can be deﬁned as [33]

 

− cos γk
ξ1k
=
ξk =
ξ2k
− sin γk e i ηk


(8)

where ξ1k and ξ2k are the polarization electric component and
magnetic component of the signals received by a sensor in the x
axis. The γk ∈ (0, π2 ) and ηk ∈ (0, 2π ) represent the polarization

(10)

x2 (t ) = A2 S(t ) + n2 (t )

where A = [a1 , a2 , · · · , a K ] ∈ C 2L +1× K , ak = [a(− L ),k , · · · , 1, · · · ,
a L ,k ] T is the array manifold matrix, S(t ) = [s1 (t ), · · · , s K (t )] T is
the signal vector, m = diag (ξm1 , · · · , ξmK ), (m = 1, 2) are two
diagonal matrices constructed by the components of the signal
and nm (t ) = [nm(− L ) (t ), · · · , nm0 (t ), · · · , nmL (t )] T , (m = 1, 2) are the
H
noise vectors whose covariance matrix satisﬁed E (nm (t )nm
(t )) = 0
T
and E (nm (t )nm (t )) = 0 with a total of N snapshots t 1 , · · · , t N , the
received data matrix can be expressed as



Xm = xm (t 1 )

xm (t 2 )

···



xm (t N ) , (m = 1, 2)

(11)

The goal of this paper is to estimate the angle θk , range rk and
polarization parameters γk and ηk of the kth source from the received data matrix Xm .
4. DR-MUSIC algorithm
In this section, we developed the DR-MUSIC algorithm proposed
in [34] to estimate the DOA, range and polarization parameters of
the near-ﬁeld sources with an ULA array. Based on (10), we can
combine the data matrices received by all loops and dipoles at
time t to an extension matrix and it can be expressed as



x(t ) =









x1 (t )
A1
n1 (t )
=
S(t ) +
x2 (t )
A2
n2 (t )



(12)

Then the covariance matrix of x(t ) is


R = E [x(t )x H (t )]=





A1
A1
RS
A2
A2

H
+ σn2 I 4L +2

(13)

Where RS = E [S(t )S H (t )] denotes the signal covariance matrix
which can be written as diagonal form and I4L +2 is the unit matrix
of 4L + 2 dimensional.
In practical situations, the theoretical array covariance matrices
given in (13) is unavailable and it can be estimated as

1

R = (XX H )
N

(14)

Base on the subspace-based algorithms, the eigenvalue decomposition of R can be written as
H
R = UU H = US S USH + N UN UN

(15)

Where the (4L + 2) × K matrix US consists of the ﬁrst
K columns of matrix U called the signal subspace and the

JID:YDSPR

AID:2543 /FLA

[m5G; v1.260; Prn:26/06/2019; 11:35] P.4 (1-9)

W. Wang et al. / Digital Signal Processing ••• (••••) •••–•••

4

(4L + 2) × (4L + 2 − K ) matrix UN consists of the last 4L + 2 − K
columns of matrix U called the noise subspace. The matrix S =
diag (λ1 , · · · , λ K ) and
N = diag (λ K +1 , · · · , λ4L +2 ) are diagonal
matrices, where λ1 ≥ λ2 ≥ · · · ≥ λ K > λ K +1 = λ4L +2 = σn2 are the
eigenvalues of R. Based on the principle of MUSIC algorithm, the
noise subspace UN is orthogonal to the signal subspace US , then it
holds that



A1
A2

H


UN = 1H

A
1
A2 −
1

H
UN = 0

(16)

Blocking UN into two (2L + 1) × (4L + 2 − K ) matrices UN1 , UN2 ,
then we have



a1

a2

ξ
a1 ξ21
11

ξ
a2 ξ22
12

···
···

H 

aK
ξ
a K ξ2K
1K

UN1
UN2


=0

(17)

(18)

The spectrum function f D R (θk , rk , γk , ηk ) can be constructed as
follows

f D R (θk , rk , γk , ηk )


=  akH

tan γk e −i ηk akH



 UN1
UN2

2F

H
H
= akH UN1 UN1
ak + tan γk e −i ηk akH UN2 UN1
ak
i ηk H
H
2
H
H
+ tan γk e ak UN1 UN2 ak + tan γk ak UN2 UN2
ak

(19)

H
H
H
e −i ηk akH UN2 UN1
ak = e i ηk akH UN1 UN2
ak = − tan γk akH UN2 UN2
ak

(20)
Base on (20), it is clear that e
and can be written as
H
e i ηk akH UN1 UN2
ak =

H
akH UN1 UN2
ak

H
akH UN1 UN2
ak 2F

is a real number

(21)

Then tan(γk ) is given by

tan γk =

(22)

Substituting (20), (21) and (22) to (19), the spectrum function
can be simpliﬁed as
H
akH UN1 UN2
ak 2F
H
akH UN2 UN2
ak

(23)

Now the DOA and range of the sources can be obtained by twodimensional peak searching.
The polarization parameters (γk , ηk ) can be estimated after the
K estimated DOAs and ranges have been acquired. Base on (18),
(21) and (22), we have

ck = tan γk e i ηk = −

1. Estimate covariance matrix 
R according to (14);
2. Take the EVD of 
R according to (15);
3. Construct the spectrum function f D R (θk , rk ) according to
(23);
4. Search (23) to obtain the spectrum extremum (θk , rk ), k =
1, · · · , K ;
5. Calculate ck according to (24);
6. Estimate polarization parameters (γk , ηk ), k = 1, · · · , K according to (25).

For a non-circular signal s(t ), it holds that [35]

E [s(t )s(t )] = μ exp(i β) E [s(t )s∗ (t )]

(26)

In which β is the non-circularity phase, μ is the non-circularity
rate with μ = 1 for the maximal non-circularity rated signal
(strictly non-circular). For signal vector S ∈ C K ×1 consisting of
K independent maximal non-circularity rated signals, its unconjugated covariance matrix is given by

= diag {exp(i β1 ) E [s1 (t )s∗1 (t )],
exp (i β2 ) E [s2 (t )s∗2 (t )], · · · ,

(27)

exp (i β K ) E [s K (t )s∗K (t )]} =  R s
Where  = diag {exp(i β1 ), exp (i β2 ), · · · , exp (i β K )} is a diagonal
matrix consisting of their non-circularity phases.
In order to exploit the non-circular information of the incident
signals, we deﬁne quaternion steering vector x(t ), y (t ) with the
data vector x1 (t ), x2 (t ) received by the array and its conjugate as
follows

x(t ) = x1 (t ) + x2 (t ) j

(28)

y (t ) = x∗1 (t ) + x∗2 (t ) j
Substituting (10) into (28), we have

H
a H UN1 UN2
ak 2F
− kH
H
ak UN2 UN2 ak

H
f D R (θk , rk ) = akH UN1 UN1
ak −

Based on the method mentioned above, the DOAs, ranges and
polarization estimation can be automatically obtained. The pseudo
code of the DR-MUSIC is summarized as

R  s = E [ S (t ) S T (t )]

By setting that the partial derivative of f D R (θk , rk , γk , ηk ) with
respect to tan γk and ηk equal to zero, we can obtain from (19)
that

i ηk

(25)

5. QNC-MUSIC algorithm

ξ

Base on (8), the complex number ξ2k can be expressed as
1k

ξ2k
= tan γk e i ηk
ξ1k

γk = arctan(|ck |)

ηk = arg(ck )

H  2
akH UN1 UN2
ak  F

H  H
H 

akH UN1 UN2
ak ak UN2 UN2
ak

(24)

Where the steering vector 
ak is constructed by (
θk ,
rk ) which
has already been estimated from (23). Thus the polarization estimation of the kth signal is expressed as

x(t ) = A(1 + 2 j )S(t ) + (n1 (t ) + n2 (t ) j )

= Ax S(t ) + nx (t )
y (t ) = A∗ (∗1 + ∗2 j )S∗ (t ) + (n∗1 (t ) + n∗2 (t ) j )
= A∗  y S∗ (t ) + n y (t )

(29)

Where x ∈ H K × K and  y ∈ H K × K are diagonal quaternion matrices and the diagonal entries of x and  y are ξxk = ξ1k + ξ2k j
∗ + ξ ∗ j, k = 1, · · · , K
and ξ yk = ξ1k
2k
Combine x(t ) ∈ H2L +1× K and y (t ) ∈ H2L +1× K into a quaternion
vector z (t ) that be constructed as



z (t ) =









x(t )
x (t )
x (t )
= 1∗
+ 2∗
y (t )
x1 (t )
x2 (t )



j = z 1 (t ) + z 2 (t ) j

(30)

The quaternion covariance matrix R z ∈ H4L +2×4L +2 is



R z = E [ z (t ) z H (t )] =

E (x(t )x H (t ))
E ( y (t )x H (t ))

E (x(t ) y H (t ))
E ( y (t ) y H (t ))



(31)

Substituting (27), (29) into (31) and using the non-circular
property, we can simplify the quaternion covariance matrix R z as
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Rz =

A x




RS

A∗  y ∗

H

A x

+ 2σn2 I4L +2

A∗  y ∗

(32)

iφ K

Where  = diag (e i φ1 ,··· ,e ) is a diagonal matrix consisting of
their non-circular phases φk , k = 1, · · · , K .
In practical situations, we use the maximum likelihood estimation of R z to replace the theoretical array covariance matrix

1
1

R z = (ZZ H ) = (Z1 + Z2 j )(Z1 + Z2 j ) H

(33)

N
N
= Rz1 + jRz2

4L +2× N

4L +2× N

4L +2× N

Where Z ∈ H
, Z1 ∈ C
and Z 2 ∈ C
are the
snapshot data matrices constructed with z (t ), z 1 (t ) and z 2 (t ), respectively.
Obviously, the covariance matrix R z is a quaternion selfconjugated matrix and its complex adjoint matrix Rσz is a complex
hermite matrix. According to the complex adjoint matrix deﬁned
in (4), we can get the EVD of complex hermite adjoint matrix Rσz


Rσz =

R z1
−Rz2

R∗z2
R∗z1




=

U1
−U2

U∗2
U∗1





0

0





U1
−U2

U∗2
U∗1

H
(34)

According to the EVD of self-conjugated matrix deﬁned in (5)
and (6), we perform EVD of matrix covariance matrix R z as follows

R z = UU H

= (U1 + jU2 )(U1 + jU2 ) H
= US S USH + 2σn2 UN UNH

(35)

Based on the orthogonality between the signal subspace US and
noise subspace UN , it holds that



A x



A∗  y ∗

UN = 0

(36)

Dividing the noise subspace matrix into two block matrices
UN1 , UN2 , we can construct the spectrum function of QNC-MUSIC
as

f Q NC (θk , rk , γk , ηk )



a ξ
=  ∗ k xk−i φk
ak ξ yk e



=

ξxk

ξ yk e −i φk

H

H 



UN1 2
F
UN2

(37)

H
akH UN1 UN1
ak

H ∗
akH UN1 UN2
ak

H
akT UN2 UN1
ak

H ∗
akT UN2 UN2
ak



ξxk



ξ yk e −i φk

= P H (γk , ηk , φk )M(θk , rk )P(γk , ηk , φk )

4. Search (38) to obtain the spectrum extremum (θk , rk ), k =
1, · · · , K ;
R according to (14);
5. Estimate covariance matrices 
R according to (15);
6. Take the EVD of 
7. Calculate ck according to (24);
8. Estimate polarization parameters (γk , ηk ), k = 1, · · · , K according to (25).
6. Computational complexity analysis
In this section, we will analyze the computational complexity of the QNC-MUSIC, the DR-MUSIC and the classical LV-MUSIC
method from four parts: the estimation of the covariance matrix,
the EVD of the covariance matrix, the spectrum search of the DOA
and range parameters and the spectrum search of the polarization
parameters. To simplify the expression, we use M = 2L + 1 to represent the number of elements, K and N to represent the number
of signals and the snapshots. Q 1 , Q 2 , Q 3 and Q 4 are stand for the
number of spectral points for parameter θ , r, γ and η , respectively.
For the classical LV-MUSIC, the dimension of the received data
matrix is 2M × N, thus 4M 2 N ﬂops are required for the calculation
of the covariance matrix. The complexity of performing EVD on
the covariance matrix is 4M 3 ﬂops. For the spectrum search of the
DOA, range and polarization parameters, Q 1 Q 2 Q 3 Q 4 (2M )(2M −
K ) ﬂops are needed to compute [a LHV (θ, r , γ , η)U N ]2F for each
spectral point, where a L V (θ, r , γ , η) ∈ C 2M ×1 and U N ∈ C 2M ×2M − K
are the steering vector and noise subspace belonging to the LVMUSIC. Therefore, the computational complexity of the LV-MUSIC
is C L V = Q 1 Q 2 Q 3 Q 4 (2M )(2M − K ) + 4M 2 N + 4M 3 .
For DR-MUSIC, the dimension of the received data matrix is
identical with that of the LV-MUSIC, thus 4M 2 N and 4M 3 ﬂops
are required for the calculation of the covariance matrix and
the EVD of the covariance matrix. For the spectrum search of
H
the DOA, range parameters, it has to compute a H
D R UN1 UN1 a D R ,
H
H
H
H
M ×1
a D R UN1 UN2 a D R and a D R UN2 UN2 a D R where a D R ∈ C
and
U N 1 , U N 2 ∈ C M ×2M − K according to (23) for each spectral point.
Therefore, the spectral search step cost 3Q 1 Q 2 ( M )(2M − K ) ﬂops.
According to (24), it can be seen that an analytical solution is
given for the polarization parameters, the spectrum search is not
needed. Therefore, the computational complexity of the DR-MUSIC
is C D R = 3Q 1 Q 2 ( M )(2M − K ) + 4M 2 N + 4M 3 .
For QNC-MUSIC, the complex adjoint matrix of the quaternion
covariance matrix in (33), require 4M 2 N ﬂops to be calculated,
and the computational complexity of the EVD of the complex
adjoint matrix is 16M 3 ﬂops. For the spectrum search of the
H
DOA and range parameters, it has to compote a H
Q NC UN1 UN1 a Q NC ,
H ∗
H ∗
T
M ×1
aH
Q NC UN1 UN2 a Q NC and a Q NC UN2 UN2 a Q NC where a Q NC ∈ H

Where M(θk , rk ) is the function that only contain the DOA and
range parameters and in generation, the rank of P(γk , ηk , φk ) is 1,
therefore the rank of f Q NC (θk , rk , γk , ηk ) and M(θk , rk ) are equal,
which means the spectrum function can be simpliﬁed as

f Q NC (θk , rk ) = det [M(θk , rk )]

5

(38)

For the polarization estimation, since the DOA and range have
been estimated from (38), we can get the polarization parameters
by substituting the estimated DOAs and ranges into (24) and (25).
Until now, the DOAs, ranges and polarization estimation can be
automatically obtained by the QNC-MUSIC method whose pseudo
code can be summarized as
1. Estimate covariance matrices 
R z according to (33);
2. Construct the complex adjoint matrix Rσz and perform the
EVD of it according to (34);
3. Construct the spectrum function f Q NC (θk , rk ) according
to (38);

and U N 1 , U N 2 ∈ H M ×2M − K according to (23) for each spectral
point, the spectral search step costs 6Q 1 Q 2 ( M )(2M − K ) ﬂops.
For the polarization parameters, the EVD of (15) has to be taken,
the spectrum search is not needed. Therefore, the computational
complexity of the QNC-MUSIC is C Q NC = 6Q 1 Q 2 ( M )(2M − K ) +
8M 2 N + 20M 3 .
Obviously, in terms of implementation, the LV-MUSIC algorithm
is signiﬁcantly more complicated than that of the QNC-MUSIC and
the DR-MUSIC algorithms in the context of the massive MIMO systems.
7. Simulation results

In this section, three computer simulations are conducted to
demonstrate the performance of the proposed methods (QNCMUSIC, DR-MUSIC) as compared with QDR method in [36] and
the deterministic CRB which was derived from the accurate nearﬁeld noncircular signal model in [37–39]. The classical LV-MUSIC
is not considered in our simulations because of its prohibitive
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Fig. 2. RMSEs versus the number of the antennas M for the estimates of DOA and range parameters, and the SNR is 0dB the snapshot is 200. (a) DOA estimation. (b) Range
estimation.

Fig. 3. RMSEs versus SNR with snapshot to be 100. (a) angle estimation. (b) range estimation. (c) polarization angle estimation. (d) polarization phase difference estimation.

computational complexity. In the three simulations, we consider
a ULA equipped with COLDs shown in Fig. 1, the distance of
two COLDs is set to be 0.5λ. The impinging sources are unit
power, uncorrelated BPSK signals, and the additive noise is assumed to be additive white Gaussian noise. The search step size
0.1◦ and 0.01 have been used for θ and r. The number of Monte
Carlo simulations is 500. The root mean square error (RMSE)
R M S E (ϑk ) =

1
K MC

K

k=1 (ϑqk

− ϑk )2 , is adopted for quantitative
k , 
ϑqk is the estimate of the parameter 
θk ,
evaluation, where 
rk , γ
ηk
in the qth Monte Carlo simulation, ϑk is the true value standing for

the angle, range and polarization parameters, M C is the number of
Monte Carlo simulations and K is the number of signals.
In the ﬁrst set of simulations, two near-ﬁeld sources located at
(20◦ , 2.5λ) and (45◦ , 2.7λ) impinge upon the array, whose corresponding polarization angles are (55◦ , 75◦ ) and polarization phase
difference are (100◦ , 115◦ ). In the ﬁrst test, the SNR is 0dB and
the number of snapshot is 200. The number of COLDs in the xdirection satisfy M = 2L + 1. The RMSEs of the estimated DOA and
range parameter versus the number of COLDs M are depicted in
Fig. 2. It can be observed that the RMSEs of DOA and range param-
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Fig. 4. RMSEs versus snapshot with SNR to be −5dB. (a) angle estimation. (b) range estimation. (c) polarization angle estimation. (d) polarization phase difference estimation.

eters of the two algorithms decrease as M increases. For the DOA
and range estimation, the RMSEs of the QNC-MUSIC are smaller
than those of the DR-MUSIC and approach the CRB closely. This is
because that the quaternion model and the property of the noncircular signal have been used in the QNC-MUSIC to improve the
accuracy of the DOA and range estimation.
In order to further show the performance of the proposed algorithm in massive MIMO systems, in the second and third set of
simulations, we examine the performance of the proposed methods with above two near-ﬁeld sources impinging upon a massive
ULA with 65 CLODs.
In the second test, the snapshot number is N = 100. The RMSEs of the estimated DOA and polarization parameter versus the
SNRs are depicted in Fig. 3. It can be observed that the RMSEs
of these estimated parameters of the three algorithms decrease as
SNR increases. For the DOA and range estimation, the RMSEs of
the QNC-MUSIC is smaller than those of the DR-MUSIC and QDR
method. The reason is identical with the ﬁrst test. In addition, it
can be seen from the experimental results that the performance
advantage of QNC-MUSIC algorithm is more obvious when the SNR
is low. Considering the application in real scene, the environment
with low SNR is more common, so the advantages of the QNCMUSIC algorithm will be more obvious.
In the third test, the SNR is −5dB. The RMSEs of the estimated
DOA, range and polarization parameter versus the snapshot N received at the array are depicted in Fig. 4. It can be observed that
the RMSEs of these estimated parameters of the three algorithms
decrease as the snapshot number increases. For the DOA and range
estimation, the RMSEs of the QNC-MUSIC is smaller than those of
the DR-MUSIC and QDR method. The reason is identical with the

ﬁrst test. In addition, the curves shown in Fig. 4 become ﬂat when
the snapshot is higher than 200, which means that for the parameter estimation performance, the effect of the large snapshot
is slightly less than that of the small snapshot. Considering the
application in the real scene and the computational complexity,
the performance of QNC-MUSIC algorithm in practical application
scenarios should be better than that of DR-MUSIC algorithm. In
massive MIMO systems, due to the increase of the number of array elements, the amount of calculation is multiplied. Reducing the
number of snapshot is an important way to reduce the amount of
calculation. Therefore, QNC-MUSIC algorithm is more suitable for
massive MIMO systems.
From the results, we can see the proposed method outperform
consistently the other methods for both DOA and range estimation. Particularly, when the SNR is low and the snapshot is small,
the proposed method can also achieve an expected purpose. For
QNC-MUSIC algorithm, the signal model is represented by quaternions, which could maintain the orthogonality of the magnetic
and electric component and reduce the dimension of the data
vector received by the array. At the same time, the non-circular
information of the signals was exploited, which increased the array virtual aperture to some extent. Therefore, the performance of
QNC-MUSIC algorithm is the best.
8. Conclusion
In this paper, we have proposed QNC-MUSIC algorithm, for the
DOA, range and polarization estimation of the near-ﬁled noncircular signals with a polarized array in massive MIMO systems.
For the DOA and range estimation of noncircular signals using the
QNC-MUSIC, the property of noncircular signals is used to further
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improve the DOA and range estimation accuracy. For the polarization estimation of the noncircular signal, the closed-form expression of the DR-MUSIC is adopted based on the DOA and range
estimation result of the QNC-MUSIC. Compared with the traditional
LV-MUSIC, the computational complexity of the QNC-MUSIC and
the DR-MUSIC are much lower. Simulations show that the performance of the proposed QNC-MUSIC is better than DR-MUSIC and
QDR method especially at low SNR and small snapshot.
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